LOCAL PROPERTIES OF J-COMPLEX CURVES 
IN LIPSCHITZ-CONTINUOUS STRUCTURES 
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Abstract. We prove the existence of primitive curves and positivity of intersections of 
J-complex curves for Lipschitz-continuous almost complex structures. These results are 
deduced from the Comparison Theorem for J-holomorphic maps in Lipschitz structures, 
previously known for J of class C^'^^p. We also give the optimal regularity of curves in 
Lipschitz structures. It occurs to be C^^^iiLip^ ^j^g |jj.g^ derivatives of a J-complex 
curve for Lipschitz J are Log-Lipschitz-continuous. A simple example that nothing better 
can be achieved is given. Further we prove the Genus Formula for J-complex curves and 
determine their principal Puiseux exponents (all this for Lipschitz-continuous J-s). 



Contents 



1. Introduction 

2. Zeroes of the Differential of a J-Holomorphic Map 

3. Local structure of J-holomorphic maps 

4. Primitivity and Positivity of Intersections 

5. Optimal Regularity in Lipschitz Structures 

6. Perturbation of a Cusp 

7. Genus Formula in Lipschitz Structures 

8. Structure of singularities of pseudoholomorphic curves 

9. Examples and Open Questions 
References 



1. Introduction 



1 

6 

M 
23 
28 
32 
36 
39 
47 
49 



An almost complex structure on a real manifold A is a section of Endj^TA such that 
J2 = -Id. In this paper we are interested in the case when J is Lipschitz-continuous. A 
J-holomorphic curve in an almost complex manifold (A, J) is a C^-map m : S* — )■ A from a 
complex curve {S,j) to A such that du commutes with complex structures, i.e., for every 
s & S one has the equality 

du{s) o = J{u{s)) o du{s) 

of mappings TgS — )■ T„(<,)A. In a local j-holomorphic coordinate z = x + iy on S and local 
coordinates u = (ui,...,U2n) on A this writes as 
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i.e., as the Cauchy-Riemann equation. 

The goal of this paper is to prove that J-complex curves for Lipschitz-continuous J 
possess all nice properties of the usual complex curves. 

1.1. Existence of primitive parameterizations. Recall (see also Definition 14. 2p that 
a J-holomorphic map u : S ^ X is called primitive if there are no disjoint non-empty 
open sets Ui,U2 in S that u{Ui) = u{U2)- Our first result states that every non-primitive 
J-holomorphic map factorizes through a primitive one, provided J is Lipschitz-continuous. 

Theorem A. Let {S,j) be a smooth connected complex curve and u : {S,j) — > (X, J) a 
non-constant J-holomorphic map with J being Lipschitz-continuous. Then there exists a 
smooth connected complex curve {S,j), a primitive J-holomorphic map u : (5", J) — )■ (X, J) 
and a surjective holomorphic map vr : {S,j) — )■ {S,j) such that u = uott. 

Example 1. We would like to underline here that vr in general is not a covering. Let us 
give a simple, but instructive example. As a parameterizing complex curve S consider 
the interior of the ellipse {^cosip-\-is\n(p : ip G (— 7r,7r]}. The structure j on S is standard, 
i.e., j = Jst is the multiplication by i. The almost complex manifold in this example is 
(C, Jst). The J-holomorphic map u : S ^ C {i.e., the usual holomorphic function) is 
taken as follows: 




Figure 1. On this picture we see the image u{S). It overlaps around the 
point —2. 

Since we have an overlapping in the image, this map is not primitive. The Theorem 
A for this example states that if one takes as S the image u{S), as m = Id and as the 
projection ir = u then £t : S* — )■ C is primitive and u = uon. 

Remark 1.1. Let us notice that in the case when S is closed the curve S is also closed 
and TT : S* — 7- S" is a ramified covering, see Corollary 14.21 
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1.2. Positivity of intersections. We denote by the disc of radius r > in C, A 
stands for Ai. Furtlier, let : A — >• (C^, J), -i = 1,2 be two distinct (see Definition 14. ip 
primitive J-compIex discs such that Ui{0) = ^2(0). Set Mj := Uj(A). Remark that for 
Lipschitz-continuous J the notion of muhiplicity of zero of a J-holomorphic map is well 
defined. Namely, due to the Corollary 3.1.3 from [ISl] every non-constant J-holomorphic 
map u : (A,0) (C", J), J(0) = Jst, has the form 

uiz)=voz>^ + Oi\zr+''), (1.2) 

where 7^ ^ is called the tangent vector to u{A) at the origin, > 1 is a natural 
number, called the multiplicity of u at 0, and < a < 1. Our second result is the following 

Theorem B. Let J be a Lipschitz-continuous almost complex structure in and let 
Mi,M2 : A — 7- be two distinct J-holomorphic mappings. Then the following holds: 

i) For every < r < 1 the set { (-21,-22) € A^ : Ui{zi) = U2{z2) } is finite. 

a) If and ^2 the multiplicities of ui and U2 at z\ and Z2, respectively, with 
Mi(-2i) = U2{z2) =p, then the intersection index Sp of branches of Mi and M2 at zi and Z2 
is at least /ii ■ /i2- In particular, 6p is always strictly positive. 

iii) 6p = 1 if and only if Mi and M2 intersect at p transver sally. 

1.3. Comparison Theorem. Both results of Theorems A and B are obtained using the 
following statement, which should be considered as the main result of this paper. Let 
J be a Lipschitz-continuous almost complex structure in the unit ball B in C" and let 
Mi,M2 : A — )• _B be two J-holomorphic maps such that Mi(0) = ^2(0) = 0. Assume that both 
maps have the same order and the same tangent vector at 0, i.e., in the representation 
(11. 2p one has 

Ui{z)=voz^ + O{\z\^'^'') for i = l,2. (1.3) 

Our goal is to compare these mappings, i.e., to describe in a best possible way their 
difference. 

Comparison Theorem. Let (X, J) be an almost complex manifold with Lipschitz- 
continuous almost complex structure J and let Ui : A ^ X be J-holomorphic mappings 
having the same order and the same tangent vector at as in U.3\) . 

(a) There exists a holomorphic function ip of the form il){z) = z + 0{z^), an integer u > fi 
and a C^-valued function w, which belongs to L]f^ for all 2 < p < 00, such that for some 
r > 

U2{z) = ui{iIj{z))-^z''w{z) for z G A(r). (1.4) 

Moreover, the following alternative holds: 

i) either w{z) vanishes identically and then U2{A{e)) C ui{A) for some e>0, 
a) or, the vector w{0) can be chosen orthogonal to vq, in particular, w{0) 7^ and 

\pr,^^w{z)\<C-\z\\n^-\w{z)\. (1.5) 

1^1 

(b) Let 1 ^ d < jj, be a divisor of n, and rj = e^'^^^'^ be the primitive root of unity of 

degree d. Let Ui{r]z) = ui{iIj{z)) + z'^w{z) be the presentation provided by for the 

map U2{z) := Ui{riz). Then there exists a holomorphic reparameterization if of the form 
ip{z) = z + Oi^z"^) such that 

i) ui{ip{rjz)) = ui{ip{z)) in the case when w{z) = 0; 
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a) ui{(p{riz)) = Ui{ip{z)) + w{0)z'^ + 0{\z\'^'^'^) otherwise. Moreover, in this case v is 
not a multiple of d. 

In fll.Sp pr^^w denotes the orthogonal projection of vector w onto the vector vq. Note 
that |z|ln|i| = o(|2;|") for any < a < 1. In fact, from our proof it follows that the 
vector w{0) can be taken to belong to a prescribed (ra — l)-dimensional complex subspace 
E2 of C" transverse to Vq, see Remark 13. 2[ Of course, the choice of E2 will affect the 
reparameterization function ip and the vector-function w{z). This theorem is proved in 
Section [31 

1.4. Optimal regularity of complex curves in Lipschitz structures. Our next 
result is about the precise regularity of J-complex curves for Lipschitz-continuous J. 
Recall that a mapping / from a compact set i? C M" to a normed space is called Log- 
Lipschitz-continuous if 

||/|lc.n...(^) := ||/||^.(^) + sup I jf^'^^-f^y^^ ,:,^yeB,\x-y\<l\<oc, (1.6) 

U w I \x-y\ ) 

and in this case ||/||^LnLip(^) is called its Log-Lipschitz norm. Usually one takes B to be the 
closure of a relatively compact domain D and then one sets ||/||cL,iLip(£i) = ||/|lci'"i'ip(_D)- 
Without the logarithm in the right hand side (11. 6p gives the Lipschitz norm of /, which 
is denoted by ||/||cL,:p(£,). 

Theorem C. Let u : A ^ (M^", J) be a J-holomorphic map. If J E C'^*p(M") then 
u G i.e., the differential of u is Log-Lipschitz-continuous. 

We show by a simple example that nothing better can be achieved, in particular u need 
not belong to C^'^*^. 

1.5. Local and global numerical invariants of complex curves. We also prove 
the following useful formula relating the local and global invariants of a J-complex curve, 
known as Genus or Adjunction Formula. Let M = IJj=i be a compact J-complex curve 
in an almost complex surface {X, J) with the distinct irreducible components {Mj}, where 
J is Lipschitz-continuous. Denote by gj the genera of parameter curves Sj, i.e., each Mj 
is the image Uj{Sj) of a compact Riemann surface Sj of genus gj under a primitive J- 
holomorphic mapping Uj : Sj — )• X. Denote by [M]^ the homological self-intersection of 
M and by ci{X,J)[M] the value of the first Chern class of {X,J) on M. These are the 
global invariants of M. Denote by 6 the sum of all local intersection indices 6p of points 
p G M. For any singular local branch of M through a point p we define the cusp index 
Xp as the virtual number of ordinary double points (see Definition 16. ip and denote by x 
the sum of the cusp-indices of all cusps of M. These are the local invariants of M. These 
invariants are related by the following 

Theorem D. (Genus Formula) If J is Lipschitz-continuous and M = ljj=i^j ^■^ ^ 
compact J-complex curve, where all irreducible components Mj of M are distinct, then 

The novelty here is, of course, in the ability to define the local invariants and to prove 
that they possess some nice properties (like positivity) under the assumption of Lipschitz 
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continuity of J only. The local intersection indices 5p are explained by Theorem B. The 
formula (11. 8p below computes the cusp indices Xp. 

1.6. Puiseux characteristics of J-complex curves. In the last part of this paper we 
provide an analog of the Puiseux series for a J-complex curve in a Lipschitz-continuous 
structure J. 

Theorem E. Let J he a Lipschitz-continuous almost complex structure in the unit hall 
B G C"' with J(0) = Jst, and let u : A ^ B he a primitive J-holomorphic map having the 
form u{z) = Vqz'^-\-0{\z\'^~^°'), where fi>2. Then there exist a uniquely defined sequence of 
natural numhers Pq = jj, <pi < ■ ■ -pi, a sequence of vectors Vi,. . . ,vi each orthogonal to Vq, 
J-holomorphic maps Ui : ^ B , i = 0, . . . ,1, and a complex polynomial ^{z) = z + 0{z'^) 
with the following properties: 

• The sequence dt := gcd(po, • • • is strictly decreasing, do > di > ■■■ > di and 

di = I; 

• Each map Ui : A^ B is primitive; 

• Uo{z) = voz + 0{\z\^+'^), Ui{z) = Mi„i(2*-i/'^0 +0(1-^1^"/*+") fori = 

• u{(p{z))-Ui{z'^') =Vi+izP'+^ -^0{\z\P'+^^°) fori = 0,...,l-l and Ui{z) =u{ip{z)); 
In particular, if rji := e^'^'/'^' is the primitive root of unity, then 

u{^{il,z))-u{^{z)) = {r,f+' - l)v,^,z^-^^^+0{\zr+^+^). 

We call the sequence of the maps Ui{z) a Puiseux approximation of the map u{z), the degrees 
Pq = H < Pi < ■ ■ ■ < Pi the characteristic exponents, and the numbers di = gcd{po, ... ,pi) 
the associated divisors. The whole sequence {po,...,pi) is called the singularity type of the 
map M : A — > i? at or of the pseudoholomorphic curve u{A) = M at 0. The exponent po 
is called the multiplicity or order of u or of the curve M. 

In the classical literature ([CoJ, [BK]) the characteristic exponents are also called es- 
sential exponents or even Puiseux characteristics ( |W1] ) : the difference po—pi is called the 
class of the singularity, see e.g. [Coj . 

Let us illustrate the notions involved in the Theorem E by an example. 
Example 2. Consider a (usual) holomorphic map m : A — )► given by 

m(2) = (/,/ + 2"). 

Then the Vq = (1,0) is the tangent vector at 2; = and /i = po = 6 is the multiplicity. 
Further, its characteristic exponents - where the common divisor drops - are fi = po = 
6,pi = 8,p2 = 11. The corresponding divisors are dQ = pq = 6, di = 2, d^ = 1. Further, 
vi = 62 and V2 = 62. A Puiseux approximation sequence for u{z) is: 

• Uo{z) = {z,0), 

• ui{z) = {z^,z'^), 

• U2{z) = u{z). 

Finally, we prove that the following classical formula for the index of a cusp of a planar 
curve 

1 ' 

Kp = -^{dj_i-dj){pj-l), where rf^ := gcd(po, •••,Pj), (1-8) 
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remains valid for J-complex curves in Lipschitz-continuous J. 



1.7. Notes. 1. In the classical case, i.e., for algebraic curves the Genus Formula is due to 
Clebsch and Gordan in the case when the curve in question has only nodal singularities, 

1. e., transverse intersections, see |GGj and Historical Sketch in [S]. For curves with cusps 
the Genus Formula is due to Max Noether, see p. 180 in [Fi] . 

2. The statements of Theorems A and B and the Genus Formula where proved in |MW] 
for J G C^. In |Sh] the description of a singularity type of a J-complex curve for J G 
was given. For J-s of class C^'^*^ the positivity of intersections and the part (a) of the 
Comparison Theorem where proved in |Sk2] . 

3. Our interest to Lipschitz-continuous structures comes from the following facts. First, 
a blowing-up of a general almost complex manifold (X, J), with J G C°°, results to an 
almost complex manifold (X, J) with only Lipschitz-continuous J. Such a blow-up should 
be performed in a special coordinate system, adapted to J, see |Duj . It is not difficult to 
see that the ordinary double points and simple cusps can be resolved by this procedure, 
as in the classical case, and give a smooth curve. Now the results of the present paper 
make possible to work with such curves as with usual complex ones. 

4. Second, the condition of Lipschitz-continuity cannot be relaxed in any of the statements 
above. We give an example of two different J-complex curves which coincide by a non- 
empty open subset for J in all Holder classes, or J in all L^'^ for all p < oo. In particular, 
the unique continuation statement of Proposition 3.1 from |FHS] fails to be true. In fact 
in our example J is "almost" Log-Lipschitz, i.e., is essentially better than np<oo-^^'^- 

5. At the same time let us point out that even in continuous almost complex struc- 
tures pseudoholomorphic curves have certain nice properties: every two sufficiently close 
points can be joined by a J-complex curve, a Fatou-type boundary values theorem is still 
valid, see |IR2j : Gromov compactness theorem both for compact curves and for curves 
with boundaries on immersed totally real (e.g., , Lagrangian) submanifolds hold true for 
continuous J-s, see |IS3| IIS4] . 

6. To our knowledge the first result about J-complex curves in Lipschitz structures 
appeared in [NWj . where the existence of J-complex curves through a given point in a 
given direction was proved for J G C°. Further progress is due to J.-C. Sikorav in [SklJ, 
see more about that in Remark 3.1 after the proof of Lemma [3.21 

Acknowledgments. This research was partially done during the first authors stay in the 
Max-Planck-Institute fiir Mathematik, Bonn. He would like to thank this Institution for 
the hospitality. 

We would like to give our thanks to the Referee of this paper for numerous valuable 
remarks and suggestions. 



2. Zeroes of the Differential of a J-Holomorphic Map 

2.1. Inner regularity of pseudoholomorphic maps. Let us first recall few standard 
facts. For < a < 1 consider the Holder space C^'"(A,C") of mappings m : A — t- C" 
equipped with the norm 

\\D'u{z) - D'u{w)\\ 

ll''^llc'='"(A) ■ — 1 1 1 10*= (A) ~^ ^^P z=iw,\i\=k i < OO- 
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For k = and a = 1 the space (^"'^(AjC") is the Lipschitz space and is denoted by 
C^'^'(A,C"). The Lipschitz constant of a map u e C^*p(A,C") is defined as 

\u{z) — u{w) II 



LipAiu) := SUp2^^„gA- 



\z — w\ 



We also consider Lipschitz continuous (operator valued) functions on relatively compact 
subsets of M^" with an obvious definitions and notations for them. Another scale of 
functional spaces, which will be used in this paper, are the Sobolev spaces L'^'P(A,C"), 
G N, 1 < J9 < +00, with the norm 

IkllLfe.P(A) •= X] II^*"IIlp(A) ' 

0<|i|<fc 

where i = {ii,i2), with ii,i2 > 0, 1^1 = ii+i2, and D'^u := gjlg^.a ■ Let us also no- 
tice the equality L^'°°{A,C"') = C'^^^'^(A,C") and the continuous Sobolev imbeddings 
L'^^P {A,C ) ^ C^-^'"(A,C") for p > 2 and a = 1 - ^. We shall frequently use the 
following notations: d^u := dyU := |^ and du := d^u + idyU, i.e., without |. 

Most considerations in this paper are purely local. Therefore our framework can be 
described as follows. We consider a Lipschitz-continuous matrix valued function J in the 
unit ball 5 of C" = M^", i.e., J : B ^Mat{2n x 2n,R) such that J^{x) = -Id. Its Lipschitz 
constant will be denoted by Lip{J). We are studying J-holomorphic maps u : A B. 
I.e., ueC°nL^''^{A,B) and satisfies 

djouU := — h J(u(z))— = almost everywhere in A. (2.1) 
ox oy 

We can consider J{u{z)) = {.J ou){z) as a matrix valued function on the unit disc, denote 
it as Ju{z). It satisfies Ju{zY = —Id and therefore it can be viewed as a complex linear 
structure on the trivial bundle E := Ax M^". The mapping m is a section of this bundle. 
We call the operator djou the 5-operator for the induced structure J„ = J o m on the 
bundle E. 

Later in this paper we shall use a similar construction as follows. In the trivial bundle 
E = A X M^"'(= A X C") over the unit disc consider a complex structure J{z), i.e., a 
continuous Mat(2n x 2n, ]R)-valued function, such that J{zy = —Id. It defines on Lj^ - 
sections of a 9-type operator 

-p, du ^, .du , . 

Therefore we can interpret (12. ip saying that a J-holomorphic map m is a section of E , 
which satisfies (12. 2 p with J{z) = Ju{z). 

In the Proposition 12.11 below we shall see that u satisfying (12. ip is, in fact, of class C^'" 
for all < a < 1. 

Proposition 2.1. Let .J be an Er\d(R^'^) -valued function on A of class C'^-^'^^p, k > 1, 
and let R be an End (R'^"') -valued function on A of class L^'^ , 1 < p < oo. Suppose that 
J2 = -Id and that dju + Ru G L'='P(A) for some u G L1'2(A,R2"). Then u G Lf+^'^(A,R2") 
and for < r < 1 



\u\ 
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where Ck^p = C{\\J\\^k-i.Lip ,\\R\\ik,p ,k,p,r) <oo. Moreover, there exists an e = e{k,p) >0 
such that if 

\\J ~ ^st |lcfc-i,-£.ip(A) + ll-^llLfc>p(A) ^ ^ 

then the constant Ck,p above can he chosen to he independent 0/ || J|| and \ \R\\. 

For the proof see [M], Theorem 6.2.5. The condition = —Id is needed in this 
statement to insure the eUipticity of the operator dj. We shall use in this paper the case 
k = 1 only. Remark that our initial assumption on u is m G L^'^(A) which implies that 
u G L^{A) for all p < 00. This proposition implies, in particular, that a J-holomorphic 
map M : A — >■ M^" is of class L^^^(A) for all p < 00 provided J is Lipschitz. In particular 
MeC/j"(A) forallO<a<l. 

2.2. Estimation of the differential at cusp-points. Throughout this subsection we 
fix some 2 < p < 00 and make the following assumption: 

(*) J is an almost complex structure in B with J(0) = J^t such that ||^ — ^st|lc«p(B) 
is small enough, u : A ^ B is a J-holomorphic map such that u{0) = and such 
that ||'^M||ii,p(A) small enough. 

Let us notice that this assumption is by no means restrictive. Indeed, we can always 
replace J{w) by Jt{w) := J{tw) and u{z) by Ut^riz) := r^^u{tz) with some appropriately 
chosen r and t. 

By the Corollary 3.1.3 from |ISlj (see also Proposition 3 in |Sk2] and the corresponding 
Corollary 1.4.3 in jIS2j ) we can assign multiplicity of zero to a J-holomorphic map u : 
A — )■ {B,J) provided that J is at least Lipschitz. In particular, zeroes of u are isolated, 
as for the classical holomorphic functions. Moreover, we can represent such u (in the 
neighborhood of its zero point, say zo = 0, provided J(0) = Jst) as 

uiz) = z''P{z) + z^^'-'viz), (2.4) 

where /i > 1 is an integer (a multiplicity of zero), P{z) is some (holomorphic) polynomial 
of degree at most /i — 1, -P(O) 7^ and v G L[^^(A,C"') for all 2 < p < 00, and therefore 
V G C"(A,C") for all < a < 1. In addition, v{0) = 0. Now we want to derive from (12. 4p 
some properties of the differential du. 

Let us start with the following preliminary estimate. 

Lemma 2.1. For any integer fi > 1 there exists a constant C = C{^,p) < 00 with the 
following property: for every J-holomorphic map m : A — t- {B, J), satisfying the assumption 
(*) and having the form \2.4^ one has 

ll"^!! Li.p(A) — ^ ' ll""!! Li.p(A) ■ (2-5) 

Proof. We use the fact that every J-holomorphic map u : A ^ B with Lipschitz- 
continuous J satisfies the pointwise estimate 

\dstu{z)\ < Lip{J) ■ \du{z)\ ■ \u{z)l (2.6) 

see inequality (1.4.4) in |IS2] . Following |Skl] define 



dstu{z)®u{z) 



if u{z)^Q, 



H{z):={ K^)P (2.7) 
if uiz) = 0. 
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Then H{z) is a measurable function with values in Matc(^ x n), which satisfies the point- 
wise estimate 

\H{z)\<Lip{J)-\du{z)\. (2.8) 
In particular, ||iJ(z)||^p(^^-) is bounded by some sufficiently small constant by the assump- 
tion (*). The function u{z) in its turn satisfies 

dsMz) + H{z)-u{z) = 0. (2.9) 

Under these conditions Lemma 1.2.3 from |IS2j insures the existence of a matrix- valued 
function F{z) G L^'P(A) which satisfies the equation 

dstF = -F-H. (2.10) 

with the estimate 

||F(2;)-ld||^,„(^)<C-||iJ(2;)||^,(^) (2.11) 

The equations (12. 9p and (12.101) imply that the function F{z)-u{z) is holomorphic. Define 
u^f^^z) := z~^u{z). It satisfies dst{Fu^^\z)) = and relation (12. 4p implies that the 
function F{z)-u^^\z) = z~^F{z)-u{z) has no pole at zero and therefore is holomorphic. 

Since ||F(z) — ld||^i,p(^^ is small we have that for any domain A C A the following 
inequahty 



*^^)|| kWFIz^-u^^Mz^W <C Wu^^'^W 



Observe that F{z)-u'^^\z) satisfies 

Ir " llLi.P(A) - '-'I Ir " llLi.f(A\A(|)) • K'^-^'^) 

This easily follows from the Cauchy integral formula for the Taylor coefficients of holo- 
morphic function. Consequently we get 

ll^-^^^'^IL..(A)<^-lh^'^1L..(A\A(i))- (2-13) 

This gives us the estimate 

because on the annulus A\A(|) functions u and u^^"* are comparable. The latter estimate 
implies that d{u{z)) = d{z^u^^\z)) fulfills a.-e. the estimate 

\du{z)\<h{z)-\z^-^\ (2.15) 

for some non-negative L^-function h satisfying 

II^IIlp(A) — ^ ' II'"IIli.p{A) • (2-16) 
Substituting the relation (I2.15P in (12. 6 p we obtain a.-e. the pointwise estimate 

\dsMz)\<C-\z^'~^\-h{z)-\u{z)\ 
with the same function h G L^{A) as above. Multiplying it by z'^^ we obtain 

\dstu'^^\z)\<C-\z^-^\-h{z)-\u^^\z)\. (2.17) 

For j = 1, . . . , /i — 1 define functions recursively by the relation 

u(t^+j)^z) := {u^''+'-^\z)~u^''+'-^\0))/z. 

Then the coefficients of the polynomial P{z) from (12.41) are given by aj = u^^~^^\0) for 
J = 0, . . . , /i - 1 and t;(z) = m^^m-i) (2) _ ^(2^-1) (g) . 
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We claim that for every j = 0, . . . ,yU — 1 we have the estimation 

¥'^^L^.iA)<C-ML^.iA)^ (2.18) 

and therefore \aj\ < C ■ The proof is done by induction using f l2.14p as the base 

for j = 0. Thus we assume that for some fixed j G — 1} we have the estimation 

of the form ||^^'^'^"'~^'* ||2,i.p(a) — ^ ' II''^IIli.p(A)' ^^"^ particular |aj_i| = \u^^^^^~^\{}i)\ < 
C ■ ||M||ii,p(A). From the definition of u^'^^^\z) we obtain a.-e. the pointwise differential 
inequality 

= \z-^dstu'^^\z)\<C-h{z)-\z^'-'^-^-\u^^'\z)\. 

This gives the estimate 

\\ds,u'~>''-'\z)\\^,^^) < C^II^IL.(A) F'^L^iA) ^ C'l (2.19) 
by (1214]) and fl236D . Further 



\u 



lLi.P(A\A(i)) - l"j-l+|P llLi,P(A\A(i))^ - IPIIli>p(A) 



by inductive assumption. Now the standard inner estimates for dst provide the desired 
estimates 

The case j = — 1 yields the estimate (12. 5p on v{z) = u^'^^^^\z) — a^_i. 

□ 

The following lemma will be used in this paper with various operators A. 

Lemma 2.2. Let A be a Lipschitz continuous End{M.'^"') -valued function on B with A{{]) = 
and let u be a J-holomorphic map with Lipschitz J as in 1^2.4^ . Then for all integers v 
and A satisfying u < fi + X — 1 the function ■ A{u{^z)) ■ z^ is Lipschitz- continuous in A 
with the estimate 

LtpAiz-" ■ A{u{z)) ■ z^) < C{p) ■ Lip{A) ■ . (2.20) 

Proof. Remark that we have the following estimate 

lk"''"(^)|lL-(A(|)) ^^•|I"IIli--(A)- (2-21) 

This is clear because in f l2.14p a L^'^ and therefore a - norm of u^^^ = z~^u was 
estimated. 

We continue the proof of the lemma starting from the remark that since u is J- 
holomorphic with Lipschitz J, it is of class 0^'°" and therefore itself Lipschitz. 

Now we turn to the estimation of the quantity Ihi ^^"^^^''"*|^^^_^^| II for Z2^ 

A. In order to do this we consider two cases. 

Case 1. \\zi\ < \zi — Z2\. In that case \zi\ <3|zi— Z2I and \z2\ < ^\zi — Z2\. Therefore 

\\z^''A{u{zi))z^-Z2''A{u{z2))z^\\ _ 

\Z\-Z2\ 
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\zY''A{u{zi))z^ - z^''A{u{0))z^ + ^2~M(m(0))4 - z^''A{u{z2))z^^^ 



< 



\Zl-Z2\ 

<C-Uv{A) \z-^u{z)\\^^ ' ^' I ' i' < 

" \Z\-Z2\ 

<C-Up{A) \\z-^u{z)\\^^ N±N <c-Up{A) ) , 

because + \ — u >\. In the second line we silently used the fact that A{u{Q)) = 0. 
Case 2. \zi — Z2\ < ^\zi\. In that case ||2;i| < \z2\ < Therefore 

\\z^''A{u{zi))z^ - z^''A{u{z2))z^\\ ^ \\z^''A{u{zi))z^-z^''A{u{zi))z^\\ ^ 



\Zl-Z2\ \Z\-Z2\ 

\z-^^A{u{z^))z\-z-^'^A{u{z^))zl\ , \z:,^A[u{z^))z\-z:^^A(:n{z2))z\\ 



+ ■ 



\Z\-Z2\ \Z\-Z2 



\z-^^{A{u{z,))- 


- A{u{z2))\zl\\ 


w- 


^2! 



\Z\-Z2\ \Z\-Z2\ 

= /l+/2 + /3. 

Let us estimate these terms separately. First: 

A-l 

h<\z,r\\A{u{zMY.\<' 

j=0 

Second: 



. A-j-li 
Z2 I 



I2 <C-Up{A) \\z-^u{z)\\^^^^^,^^ \z,\^ \z2i 



Z2-ZI 



Z\Z2 



"2 



Eh.- 



vj=0 



\Z\-Z2\ 



<C-Ltp{A) \z,\'+^-^-' <C-Lip{A) . 

And, finally, third: 

h<C-Lip{A)\\z-^u{z)\\^^ , \z2\-''\z't~zi^\ k2| \ ^ <C-Lip{A)\\u\\^,„,^y 

^ ^ 3 \Z\ — Z2\ 

□ 

We need to produce some extra regularity of the rest term zv{z) in the representation 
(12 ■4p . In fact we shall prove that z-v & L^q^(A) for v from (12.41) together with the estimate 
of its decay at zero. 

Lemma 2.3. Let J he a Lip schitz- continuous almost complex structure in the unit hall 
B C C" with J(0) = Jst and u: A ^ B he a J -holomorphic map written in the form i2.4\) - 
Then zv G Lf^^ for all 2 < p < 00 . Moreover, for every \z\ < | one has 

\d{zv{z))\ < C{p) ■ \z\'-l ■ ||?i||Li,P(A) (2.22) 
for with the constant C{p) independent of z, u and J satisfying the assumption (*). 
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Proof. Remark that with u = 2fi — 2 in Lemma 12.21 above we have 

z'' -{zviz)) =u{z)-zf'-P{z). (2.23) 

So if we apply djou to the right hand side of fl2.23p we obtain djou{z^P) which is Lipschitz 
continuous, in particular, it belongs to Lj^ for all 1 < p < oo. Elliptic regularity of 
Proposition 12.11 gives then the L^'^-regularity of the left hand side z'^ ■ {zv{z)). If /i = 1 
(and therefore z/ = 0), then zv{z) = u{z) G Lf^^{A), and the needed L^'^- regularity is 
already proved. Therefore till the Step 4 we shall suppose that /i > 2. 

Let us explain the idea of the proof of this lemma. First we observe that 

z-''[d^ + J{u{z))dy]z''{zv) = {8,, + z-''J{u)z''dy){zv) + z~''{l + J{u)Jst)iyz''-\zv). (2.24) 

We see f l2.24p as the equation of the form 

f{z) = {dj,.,+R^''^){zv{z)). (2.25) 

After establishing the necessary regularity of J^-* , R^"^ and / we shall apply the Proposition 
12. II and obtain the desired regularity of the solution zv. 
Let us start with the right hand side of fl2.24p . 

Step 1. J^"^ := z-"" ■ J{u) ■ z'^ is a Lipschitz continuous complex structure on E and 
Lzp(jM) <c. L^p( J)- 

The proof is straightforward via Lemma 12.21 just write J^'^^ = z~''[J{u) — Jst]z'^ + Jst 
and apply Lemma \T2\ to A = J — Jst. 

Step 2. The endomorphism R^"'^ := z~^ ■ {\^ J{u)J^x)'>^z^^^ of the bundle E is Lipschitz 
continuous, R^^^O) = and Lip{R^^'>) < C ■ Lip(J) ■ ||w||ii,p(^)- 

This is again true by Lemma 12.21 and because fi > 2. Note now that the right hand 
side of fl2.24p is of the form (9j(^) (zv) + R^'^^ (zv) and that coefficients of this operator are 
Lipschitz continuous. Therefore we can apply (12. 3p and obtain 

Ik^ll L2.P(A(l/2)) < C{ \\dj(.) (zv) + i?^''^^;^^) |Li,p(A) + Ik^ll LP{A) ) • (2-26) 

To achieve fl2.22p for r = | we need to estimate both terms in the right hand side (I2.26P 
by ||'^*IIli,p(a)- term zv{z) it was already done in (12. 5p . In order to estimate the 

first term we shall compute the left hand side of (I2.24p in another way. Namely, using 
(1231) we write 

z-" [d, + Jiuiz))dy] z-'izv) = z-^ + J{u{z))dy\ {u{z) - z^ ■ P{z)) = 
= z-" [d, + J{u{z))dy] i-z^ ■ P{z)) = Z-- + J[u{z))dy\ C^^a.z^^^) = 

j=0 

11-1 

= z-'^{l + J{u)J.,){Y,{l^ + j)<^j^'^'-')=--f{^)- (2.27) 
i=o 

Step 3. The right hand side f{z) of \2.2'l\j satisfies /(O) = and is Lipschitz continuous 
with the estimate 

ll/llc^»p(A) — ^ ll^llc^»P(A) II^IIli.p(A) • (2.28) 

The worst term is z~^(l + J(m) Jst)(/iao-2^~^), but it is still under control of the Lemma 
O We conclude now by flX^ and <n:7M the estimate 

\\d{.zv) II ii,p(A(i/2)) < C ■ \\u\\ . (2.29) 
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Step 4. The behavior of zv{z) under a dilatation. 

For r e [0, 1] and we define vr^ : A — >■ A by iTr{z) := t- z. Then for any function w{z) in 
the disc 7i*w{z) = w{tz) is the dilatation of w{z). An easy calculation shows the following 
dilatation behavior of the L^-norms of the derivatives: 

\\DU7r*w)\\ = r'*'"i IID^wII 

Estimating L^-norm we use the fact that v{0) = and that ||f ||^a(^) < C - 

cii^ tiiuD vusing a = 1 - p 



see Lemma [2?T1 Hence \v{z) \ < C ■ ll^i.pc/^-, and thus (using a = 1 ^ 



Consequently 

Now recall that zv{z) satisfies the differential equation 

{dj,.,+R^''^){zv{z)) = f{z) 

with f{z) given by the formula fl2.27l) . By Step 3, f{z) is Lipschitz continuous with the 
estimate fl2.28p and /(O) = 0. This implies that 

IK*/(^)llc^»p(A) -r ■ ||t/||ciip(A) ll'"(^)ll Li.p(A) • 

The same argument yields also 

IItt*!' — 7 II < r ■ II T^"') — T W 

"^swIlc^'PCA) — II "^smIc^'p(A) ■ 

Finally, we observe that 

Summing up, we see that the rescaled function Wr{z) := tt*{zv{z)) satisfies a 9- type 
equation 

+ r ■ 7r:R^'^)wr{z) = r ■ 7^;f{z) 
in which the norms ||r ■ 7r*/(2;)||^Lip(.^^ are bounded by C -r"^ ■ ||m||2,i,p(a) uniformly in r and 

the coefficients Tr*J^'^^ and r ■ Tr*R^'^^ are C^*^-close to those of dst for r close enough to 0. 
From Proposition 12.11 we obtain the uniform estimate 

IK(^^(2^))IIl2.p(a) <C-r'^'l ■ 

which implies 

IM«(^^W))IIloo(a) <C-r^'p ■ . 
After rescaling we obtain 

IM(^^(^))llL-(A(r)) < C'-'""- II«IIl1.p(A)' 

witha = l-i. □ 

p 

The estimate fl2.22p gives immediately the following 

Corollary 2.1. For a Lipschitz- continuous J and J-holomorphic u in the form \2.4^ one 
has 

du{z) = d{z^P{z)) + 0(|;zp'^~'+"). (2.30) 
for any < a < 1. In particular, for a non-constant u zeroes of du are isolated. 
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2.3. An example. Let us illustrate the statements of this Section by an example. 
Example 3. Equation fll.ip can be rewritten as 

||-0(^«W)^ = 0, (2.31) 

where 

+ (2.32) 

oz 2^ ox oy oz 2^ ox oy 

and 

Q{J{z)) = [J{z) + Js^rVst - J{z)]- (2.33) 

Remark that Q anticommutes with Jst and therefore is a C-antilinear operator. Therefore 
fl2.3ip can be understood as an equation for C^-valued map (or section) u. Usually it is 
better to consider the conjugate operator Q and write (12.31 1) in the form 

|-Q(J.(.))| = 0. (2.34) 

Vice versa, given an anti-linear operator Q in C" = M^", one can reconstruct the corre- 
sponding almost complex structure as follows 

J{z) = J4\d + Q)-{\d-Qy\ (2.35) 

After these preliminary considerations (which will be used also in Section [S]), we shall 
turn to the example in question. Remark that the vector-function u{z) = [z^^z^^) is 
J-holomorphic with respect to the structure 

Q(«i,«2)=(2°i o) (2-2^) 

In the representation fl2.4l) we have for this example P = (1,0) - a constant vector poly- 
nomial, v{z) = z. From here one sees that fl2.22p cannot be improved. 

Remark 2.1. (a) The fact that for J G zeroes of a differential of a J-holomorphic 
map are isolated was first proved by J.-C. Sikorav in |Skl] . 

(b) We shall crucially need this fact for Lipschitz-continuous structures in this paper. 
It is stated in Proposition 3 of |Sk2] . but, unfortunately, the proof of |Sk2] uses the 
expression {dJ.f), see the first line after the formula (2.3) on page 363 of |Sk2] . Here the 
Author means the pointwise scalar product {dJ{f), f). But dJ{f) cannot be defined for 
Lipschitz J and no explanations of how one might give the sense to this expression are 
given. Therefore, in our opinion, the proof of Proposition 3 of |Sk2] goes through only 
in the case J G and this was already achieved in |Sklj . Remark that this problem - 
absence of the chain rule for Lipschitz maps - makes the issue quite delicate. 

3. Local structure of J-holomorphic maps 

3.1. Uniqueness for solutions of ^-inequalities. We start with a generalization of 
Lemma 1.4.1 from |IS2j . Recall that for a complex structure J{z) in the trivial bundle 
E = A X M^"'(= A X C") over the unit disc we defined the operator dj by the formula 

dju = ^ + J{z)^,seeim- 
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Lemma 3.1. Let J be an almost complex structure in the trivial C^-bundle over the disc 
A which is L^'P -regular for some 2 < p < oo and such that J(0) = Jst- Suppose that a 
function u G L|^^^(A,C") is not identically and satisfies a.e. the inequality 

\dju\<h-\u\ (3.1) 

for some nonnegative h G L^^(A). Then: 

i) u G L]f^{A), in particular u G C^^{A.) with a :=1 — ^; 

i) for any Zq & A such that u{zq) = there exists /i G N — the multiplicity of zero of u 
in zq — such that u{z) = [z — zqY ■ g{z) for some g G L|^^^(A) with g{zo) 7^ 0. 

Proof. We reduce the case of general J to the special one in which J = Jst- For this 
purpose we fix a (Jst, J)-complex bundle isomorphism F : A x C" — )■ A x C" of regularity 
L^'P, so that F~^oJoF = Jst. Then any section u{z) of Ax C" has the form u{z) = F{v{z)) 
and u{z) is L^'^-regular if and only if so is v{z). Moreover, 

dMz) = {d, + J{z)dy)F{v{z)) = 

= F{d, + F-'-J{z)-Fdy)v{z) + {d^F + J{z)dyF)v{z). 

Consequently, (13 .ip is equivalent to the differential inequahty 

\dsM < \F-\dju{z))\ + \F-\d^F + J{z)dyF)v{z)\ < 

<h-\F''^\\u\ + \F~\d^F + J{z)dyF)\v{z)\ < hi-\v\ (3.2) 
with a new hi G U'{A). 

The statement of the lemma is reduced now to Lemma 1.4.1 from |IS2] . 

□ 

Lemma 3.2. Let J he a Lip schitz- continuous almost complex structure in the unit hall 
B in C" and ui,U2 '■ A ^ B two J-holomorphic maps such that ui{0) = ^2(0) = and 
Ui ^ U2- Then there exists an integer u > and v{z) G L^'P(A,C"'), v{0) 7^ such that 
Ui{z)-U2{z) = z^vi^z). 

Proof. Set V = ui — U2 and let us compute djouAv) = {d^ + J{ui{z))dy)v{z): 
djouiiv) = {dx + J{ui)-dy){ui-U2) = {d^ + J{ui)-dy){ui-U2) + {d^ + J{u2)-dy)u2 = 

= {J{u2)-dy- J{ui)-dy)u2 = {J{ui-v)- J{ui))-dyU2. 

By the Lipschitz regularity of J and dyU2 G L*'(A) we obtain a pointwise differential 
inequality 

\djouAv){z)\<h{z)-\v{z)\ 
for some h G L^{A). Now we apply Lemma 3.1. □ 

Remark 3.1. The statement of this lemma implicitly appeared for the first time in 
[SklJ. Really, his proof of Proposition 3.2.1 (i) clearly goes through under the assumption 
of Lipschitz continuity of J only. 
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3.2. Proof of the part (a) of the Comparison Theorem. In the proof we use 
the abbreviation "L^'^-reguIar" instead of "L^'^-regular for any p < oo" and a similar 
abbreviation "L^'^-regular" . 

(a) Denote by E the a trivial C^-bundle over A, ii^ := A x C". Equip E with linear complex 
structures Jj := Jom as it was explained at the beginning of Section 2. Observe that the 
maps Ml and U2 are sections of E, and Ui satisfy the equation dj.Ui = {d^ + Jidy)ui = 0. 
Without loss of generality we suppose that ui has no critical points, possibly except 0. 

Claim 1. The image Ei of the differential dui : TA E is a well-defined Ji-complex 
line suhhundle of the complex bundle {E,Ji) over A\{0}. It extends to a Ji-complex line 
subbundle of E of regularity L^'^ over A such that dui : TA — )■ Ei is L^''^ -regular. 

The claim is trivial in the case when ui is an immersion and = 1. Otherwise we use 
(12 ■4p and write Ui in the form 

ui{z) = zf'Piz) + z^^-^v{z) = z^'Piz) + z^" ■ z^-^v{z). (3.3) 

Notice that now yU — 1 > 1 and hence z^~^v{z) is L^'^-regular by Lemma [2 .31 It follows 
that dui{z) has the form z^~^H{z) for some L^'^-regular real bundle homomorphism 
H : TA — > E with H{0) = /iP(0). For 2; 7^ consider the homomorphism Hi := 
duio (^z^^f^) : T^A — )■ E given by w G T^A h-)> dui{z){z^~'^ ■ w) G Ez. Observe that in 
the formulas above the multiplication of a vector w G -E^ = C" with z is understood as 
{x -\- Jstv) ■ w . On the other hand, dui is Ji-linear, and consequently 

Hiiz) = {x + Js,yr-' o (x + Mz)yy'^ o H{z). 

The proof of the claim will follow if we shall show that {x -\- Jsty)'^^^{x -\- Ji{z)yy^'^ is 
sufficiently close to the identity map. For this is it sufficient to show that (x + Jsty)(x + 
Ji{z)y)~^ is sufficiently close to the identity map. More exactly, that it is l + 0(|z|). 
Really, if that is proved then for every > 1 we shall have 

{x + Js,y)''{x + Mz)y)-'' = {x + Js,y)''-\l + Oi\z\))ix + Mz)y)-'+' = 

{x + Jstyf~\x + Ji + (x + Js,yf-'0{\z\){x + Ji(^)y)-'+^ 

and the second term is of order = 0(|2;|). Therefore the induction will 

do the job. Now let us turn to (x + Jsty){.x + Ji{z)y)~^. It will be easier to estimate an 
inverse expression {x + Ji{z)y){x + Jsty)~^. Here we obtain 

{x + Ji{z)y){x + JstyY^ = {x + Ji{z)y){x - Jsty) ■ (x^ + y^)"^ = 

{x' + y' + xyiUz) - J,0 - y'(ld + Ji(z) Jst) • [x^ + V^Y^ ■ 

So we can conclude the pointwise estimate 

\\{x + Uz)y){x + Js,y)-' - ld|| <C-||Jst-Ji(^)|| <C"-|z|, 

and the claim follows. L^'^-regularity of dui is clear because Ui is L^'^-regular by Propo- 
sition 12.11 

Fix an L^'^-regular ( Ji, Jst)-linear trivialization $ : (E,Ji) (A x C", Jst) such that 
El = dui{TA) is mapped to the subbundle A x C A x C" with the fiber consisting 
of vectors of the form (a,0, . . . ,0). Then, denoting by C"^^ the subspace of C" of vectors 
the form (0,02, • • • ,0'n), we obtain the bundle E2 := <I'^^(C"'^^) which is a complementary 
bundle to Ei in E, i.e., E = Ei® E2. Notice that Ei and E2 are Ji-complex subbundles 
oiE. 
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The idea of the proof consists of three steps: 
First, to represent U2 in the form 

U2{z) = ui{ij{z))+w{z) 

where w{z) is a L^'^-regular section of E2 and ip : A(r) — )■ A an appropriate L^'^-regular 
"reparameterization map" defined locally near the origin. 

Second, to show that w{z) satisfies a differential inequality of the form (13. ip . 

Third, to prove that can be chosen to be a holomorphic function. 

Define an "exponential" map exp : A x A x C"~^ E hj 

exp : (zX^w) ^ {z,uiiC) + ^'\z)w). (3.4) 

The map exp is well-defined, L^'^-regular in z, L^'^-regular in ( and linear in w. In 
particular exp is continuous in {zX,w). Moreover, for a fixed 2; 7^ G A the linearization 
of exp^ := exp(2;, -,■) with respect to variables (,w at (,w = is an isomorphism between 
T^=2A©C"^^ and E^. Thus for z ^0 the map exp^ is an L^'^-regular diffeomorphism of 
some neighborhood Uz C {z} x A x C"~^ of the point {z,0) onto some neighborhood Vz 
of the point Ui{z) in Ez = C"". 

We need to estimate the size of Vz- In order to do so let us consider the rescaled maps 

u\{z):=r''ui{t-z) with te (0,1]. 

Claim 2. The family u\{z) is uniformly bounded in t & (0,1) with respect to the L'^'^-norm 
and the limit map \\mt\Qu\{z) is Ui{z) := vqz'^, where vq = -P(O). The limit is taken in 
L'^'P -topology. 

The C°-convergence u\ ^ is clear from the representation fl3.3p . To derive from 
here the L^'^-convergence remark that u\ is J^-holomorphic with respect to the structure 
Jt{w) := Jif^-w), w E B, and that Jj converge to Jst in the Lipschitz norm. This implies 
the L^'^-convergence. 

Further, define the rescaled exponential maps 

exp*(C,w) :=M*(C) + $"^(t-2)w with tG [0,1]. (3.5) 

Claim 3. There exist constants c*,Ci,e > such that for every z E {\z\ = e} and t G [0, 1] 
expl{(,w) is an E^'^ -regular diffeomorphism of Uz = {(C;""^) • IC"-^! < Ci, \w\ < Ci} onto a 
neighborhood of u\{z) in Ez which contains the ball {\C,—Ui{z)\ < c*}. 

Moreover, the inverse maps (exp*)~^ : — ?■ Uz are L'^'^ -regular, their L^'"'' -norms are 
bounded by a uniform constant independent of z E {\z\ = e} and t, and the dependence of 
(exp*)"-^ on z is L^''^. 

This claim readily follows from the facts that K = {\z\ = e} x {t E [0, 1]} is a compact, 
the function expl{(,w) is a local L^'^-regular diffeomorphism for every fixed {z,t) G K, 
and depends continuously on t G [0,1] and L^'^-regular on z G {1^1 = e} with respect to 
the L^'P-topology. 

Without loss of generality we may assume that e = 1. This can be always achieved by 
an appropriate rescaling. 

Claim 4. For arbitrary z G A\{0} there is a neighborhood Vz 3 Ui{z) containing the ball 
B{ui{z),c* ■ \z\^) with the constants c* from the Claim 3 such that exp^ is an L^'^ -regular 
homeomorphism between some neighborhood Uz of (-2,0) in the fiber {zjxC" and Vz- In 
particular, c* is independent of z. 
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Here by L^'^-regular homeomorphism we understand a homeomorphism which is L^'^- 
regular and its inverse is also L^'^-regular. 

In order to prove this claim fix some < 1^1 < | and set z = -^^X = y^;""^ = p]7^;^ — \A- 
Then according to Claim 3 we have a homeomorphism 

exp*- : {|C-5| < ci, \w\ < Ci} A D {\i-Ui{~z)\ < c*}. 

But exp|(C,w) = t~^ui{tC,) + ^'^{tz)w = t-^'[ui{() + ^-'^{z)w] = t"^exp^(C,w) and this 
map is a homeomorphism between — jfjl < < Ci} and some containing 

{|^ — < c*}. Therefore exp^ is a homeomorphism between 

{|C--2| <ci|z|,|u;| < ci\z\^} ^ V:, D {\^ - ui{z)\ <c*-\z\^}. 

Claim 5. For z sufficiently small, U2{z) = ui{iIj{z)) + w{z) for some L^'^ -regular function 
iplz) in A and some w G L^'P(A,i?2)- 

Since U2{z) —ui{z) = 0{\z\'^^°'), for z small enough we obtain U2{z) G B{ui{z),c* \z\^). 
Define {({z),W{z)) := exp^^('U2(-2)) where exp~^ '■ ^ Uz is the local inversion of the 
map exp^ which exists by Claim 4. Set ipi^) '■= C{^): w{z) := ^~^{z)W{z). We obtain the 
desired relation 

U2(z) =ui{i){z))+w{z), (3.6) 

which holds in some small punctured disc Ar\{0}. Making an appropriate rescaling we 
may assume that fl3.6p holds in the whole punctured disc A\{0}. Moreover, ip{z) and 
w{z) are L|^^^-regular in A\{0}. 

To estimate the norm ||^/'||ii,p(^) we define the rescalings u\{z) := t^^-U2(tz), ip^{z) : = 
t~^il){tz) and w^{z) := t~'^w{tz). Then we obtain ^2(2;) = -\-w'^{z) which is the 

rescaled version of (13.61) . Consequently, these function satisfy the rescaled relation 

ii;\z)Mt^Wi^)) = iexpl)-\uliz)). 

By Claim 4 the family of maps (exp*)'^ is continuous in t and L^'^-regular in z with 
respect to L^'^-topology. Claim 2 applied to U2{z) gives us the uniform L^'^-boundedness 
of the family u\{z) in t. As a consequence, we conclude that the functions ip'^lz) satisfy 
the uniform estimate 

ll^*ILi.p(A\A(i)) ^ ^ 

with the constant C independent of t. Making the reverse rescaling we conclude the 
estimate 

IMV'IIlp(A{2-'=-1)\A(2-'=)) — '^'^/P_ 

Now the summation over the annuli A(2^'^^^)\A(2^'^) gives us the desired estimate 

IMV'IIlp(a) ^ itY^^'^- '^^^ L|'(^^-regularity of w{z) in A follows from the relation (13. 6p . 
The Claim is proved. 

Consider the pulled-back bundles E' := ip*E, E[ := il)*Ei and E2 := V*-E^2 over A. 
Equip E' with the complex structure J[ := iIj*Ji = J{ui oip). Let prg be the projection of 
E' onto E2 parallel to E[. Consider the following expression 

pr'2 ((5. + J[ ■ dy)w{z)) = pr'2 ((9, + J[ ■ dy){u2{z) - u,{^{z))) . (3.7) 

Let us treat the terms in (13. 7p separately. The second term on the right hand side 

{d, + j[-dy)Ul{^{z)) 
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is the Cauchy-Riemann operator (9j^ applied to the composition u'l := Ui oip. 

Claim 6. Let : A ^ A be a L^'^-map and /ei m : A — t- C" be a J-holomorphic curve. 
Then 

dj{uoip) = duodijj, (3.8) 
where dip is the standard d- derivative of the function ip. 

The expression dj{uotp) computes the J-antihnear component of the differential d{uo 
ip) = duo dtp. Since du is J-linear, the antilinear part of duo dtp will be du of the antilinear 
part of dtp which is dtp. Therefore we conclude the relation (13. Sp . The claim is proved. 

In our case this gives 

dj'^{uiOtp) = duiodtp. (3.9) 

Further, observe that dui o dtp takes values in the pulled-back E[ = tp*Ei. So 
pr^iydjt^iuiotp)) vanishes identically. 

The next term to estimate is {dx + J'l ■ dy)u2. Subtracting the equation = djU2 = 
[dx + J OU2- dy)u2 we obtain 

{J[ — J OU2)dyU2 = {Jouiotp — J OU2) ■ dyU2. 

The L^'^-regularity for U2 provides the L^'^-regularity of dyU2, whereas the Lipschitz con- 
dition on J yields the pointwise estimate 

\j o uio tp{z) — J o U2{z) \ < Lip{J) ■\uj{z)\. (3.10) 

Therefore the right hand side of (13. 7p is estimated by h - \tjo\ with some h G U'{A). 

Now, let us rewrite the left hand side pr'2{{dx + J ouiotp ■ dy)u)) of (13. 7p as a 9-type 
operator of vo. Consider the restriction pr'g : E2 ^ E'^ of the projection pr'g onto E2. 
Using the facts that tp{z) is continuous and tp{0) = 0, we conclude that pr'2{z) : (-£^2)^ — ^ 
{E'2)z = {E2)'^{z) is a bundle isomorphism over a sufficiently small disc A^. So setting 
w{z) := pr2iu{z) we obtain a pointwise estimate 

l/C-\w{z)\ < \tl!{z)\ <C-\w{z)\ (3.11) 

in the disc Aj. 3 z with uniform constant C. 

Similar to define the projection pr'^ from E onto E[ = tp*Ei. Denote := pr2 0(9^o 
pr2 and Vy := pr2 odyO prg. Using this we obtain 

pr'2 {{dx + J[ ■ dy)w) = (Vx + J[ ■ Vj,) (pr» + H{w) (3.12) 

with some L^-regular endomorphism H. Summing up, we conclude a pointwise differential 
inequality 

\iVx + J[-Vy)iw)\<h\tM\ (3.13) 

with J[ := J o uio tp and an L^^-regular function h. If we fix some L^'^-trivialization 
ei,...,e„_i of E2 and remark that in (any) such trivialization Vx = dx + Rx and Vy = 
dy + Ry with some Rx,Ry € L^(A, End(£'2)). This gives us the following estimate 

\idx + J[dy)tI;\<h-\tl;\ (3.14) 

Observe that uj{z) can not vanish identically since otherwise the image U2{Ar) would lie 
in Ml (A). 

Now we can apply Lemma 3.1 and conclude that tD(z) either vanishes identically or 
uj{z) = z^ f{z) for some f{x) G L-^'^(Ar,C"~"^) with /(O) 7^ 0. The integer u must be bigger 
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than /i, because U2{z) —ui{z) = o(|z|^+"). Since the projection w{z) i-> w{z) := pr2{w{z)) 
is an L^'^-regular isomorphism, we obtain the same structure for w. Finally, observe that 
/(O) lies in the fiber (-^2)0 which is J(0) = Jst-transverse to (-Ei)o = Cvq. Therefore we 
obtain 

U2{z)=ui{ij{z)) + z''w{z), (3.15) 

where u > fi and w{0) linearly independent of Vq- 

Claim 7. There exists a holomorphic ip satisfying i\3.15\) . 

Assume that we have w{z) = and therefore U2{z) = ui{tfj{z)). It follows from (13. 9p 
that 

dui odip = dji^ {ui oip) = djiui o%Ij) = djU2 = 

and therefore that diplz) = 0. So ip{z) is holomorphic. 

Assume now w{z) is not identically 0. In this case we are going to construct recursively 
a sequence of complex polynomials (pi{z) and an increasing sequence /z < z/i < z/2 < . . . < z// 
of integers with the following properties: 

• <^i{z) = z + 0{z'^) 

• U2{z) = ui{ipi{z)) + z^^Vi{z) with some Vi{z) G L^'P(A,C") such that for j < I the 
vectors Vj{0) are proportional to vq. 

Lemma 3.2 insures the existence of the desired i^i > /i and V(^z) with (fi{z) = z. Assume 
that we have constructed such sequences fi < uq < ui < 1^2 < ■ ■ ■I'k and vi{z), . . . ,Vk{z), 
and that f i(0), . . . ,ffc(0) are proportional to Vq. Observe that for any integer m > 2 and 
any a G C we have 

UiiM^) + az"^) = u, {^k{z)) + du{^k{z)) o rf(^fc(az™) + 0(^™+^) 

= ui{^k{z)) + iiVk{zr-' ■ v'^{z) ■ az^ ■ vo + 0{z^+n 

= u.iM^)) + l^z"'+^'-' -a-vo + 0{z"'+^). 

Set nik := z/fc — /x + 1, defined a from the relation 

fj.-a-Vo + Wk{0) = 

and put 

(fk+iiz) := Lpk{z) + az""'. 

Then U2{z) — Ui{(pk+i{z)) = 0{\z\"^^'^^°'). Now we can apply Lemma 3.2 to U2{z) and to 
Ui{'^k+i{z)) and obtain a new u^+i > m + /i > z/^t and a new Vk+i{z). 

Compare the obtained presentations U2{z) = ui{ipi{z))+z''^Vi{z) with the decomposition 
(I3.15p . Notice that for a fixed bundle E2 the decomposition (I3.15P is unique. This implies 
that at some step we obtain vi = v and ^^(0) = w(0) with v and w{z) from Comparison 
Theorem. At this step fi(0) = w(0) is not proportional to vq and the recursive procedure 
halts. 

All what is left to prove is (II. 5p . In Section 6 we shall prove that J- holomorphic map- 
pings in Lipschitz-continuous J are C^'^^^^p and therefore the subbundle Ei = dui(TA) is a 
C^"^*^-regular. This implies the same regularity of the projection pr^^. Since pr^^w{0) = 
this gives (11.50 . 

This finishes the proof of the part (a) of the Comparison Theorem. 



Local structure of J-holomorphic maps 



21 



Remark 3.2. As we claimed in the Introduction the vector w{0) can be chosen in any 
given complex hyperplane transversal to Vq. Really, if -^2(0) is such a plane, then we chose 
(p (after the end of the proof of Step 1) in such a way that £^2(0) = $^^(C"^^). Then in the 
remaining part of the proof of the Part (a) of the Comparison Theorem we established 
that the vector function w in question takes its values in the bundle E. Therefore, in 
particular, w{0) G -^2(0). 

3.3. Proof of the part (b) of the Comparison Theorem. We continue the proof of 
the Comparison Theorem. 

Claim 8. This claim wc shall state in the form of a lemma. 

Lemma 3.3. Let d > 1 be an integer and r] be a primitive root of unity of degree d, and 
ip a holomorphic function in the unit disc A of the form ip{z) = z + 0{z^). Then there 
exists a holomorphic function of the form (f){z) — z + 0{z'^) defined in some smaller disc 
Ar such that r](f){z) —ip{(f){r]z)) — z^'^'^ ■li^'z'^^ with some function 7 holomorphic in A^. 

Proof. Roughly speaking, the lemma claims that making an appropriate reparameter- 
ization one can eliminate all the terms of the Taylor expansion of ijj{z) except those of 
degrees kd+1. 

We want to apply the implicit function theorem. For this purpose we need to fix certain 
smoothness class of holomorphic functions, the concrete choice of such a space plays no 
role in the proof. Denote by H the space of holomorphic functions in A which are 
smooth up to boundary. 

Replacing the given function ^(z) by its appropriate rescaling tp^^^z) :— t~^jp{tz) we 
may assume that the norm Wipiz) — -2||ci(a) is small enough. 

For / = 0,...,d — 1, denote by Tii the subspace of consisting of functions (p{z) of 
the form (j)(z) — z'' (/)i{z'^) . In other words, the Taylor series of ^(z) e T-ii contains only 
monomials of degree m = l{modd). The space T-Li is the kernel of the operator 0(^) 1— )■ 
0(772;) — -q^cb^z). Clearly, we obtain the decomposition % = (B'fzl'Hi- Denote by T-ii the 
complement to "Hi in this sum, i.e., H.^ = ®i^iHh ^"^^ by tt^ the projection on this 
space parallel to Hi. Finally, let V be the Banach subspace of consisting ^{z) G Hi 
satisfying (f){z) — 0{z'^) and {z-\-V) the shift of V in H by the function z. Thus ^(z) hes 
in {z-\-V) if and only if (f){z) = z + (()i{z) with (t)i{z) G V. 

Now consider the map : (z + V) — )■ "H^ given by 

: cj>{z) e{z + V)^ ni{ricf>{z)-^{cl>{riz))), 

in which i/j is considered as a parameter, varying in the space of holomorphic function 
defined in some larger disc Ai+g, so that ip G 'H(Ai_|_£). Then F^{(f)) takes values in V, 
is holomorphic in G (z + V), continuous (in fact, also holomorphic) in iplz) and its 
linearization in at point (■0o(^) = -2,0 = 0) is 

-DF^o,o : ^ (#(^) - Hvz)) ■ 

Then DF^^^ is an isomorphism on V since its restriction on each 'Hi is the multiplication 
with the non-zero scalar r] — rf. 

Now the implicit function theorem applies and for every ^ close to iIjo{z) = z gives a 
function (f) e z + V (i.e., of the form (f){z) — z + 0{z'^)) such that r](f){z) —tlj{(f){r]z)) G Hi, 
i.e., is of the form 2:7(2;'^) as required. 

□ 
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Claim 9. We shall prove the following: 

Proposition 3.1. Let J be a Lipschitz- continuous almost complex structure in the unit 
ball B C C" with J(0) = Jst, u : A ^ B a J-holomorphic map such that u{z) = 
vqz^ + 0{\z\^~^") with f 7^ G C", 1 a divisor of jj,, and rj = e^'^'/'^ the primitive root 
of unity of degree d. Let u{riz) = u{iIj{z)) + z'^w{z) be the presentation provided by the part 
(a) of the Comparison Theorem. 

Then there exists a holomorphic reparameterization ip{z) of the form ^p{z) = z + 0{z'^) 
such that 

• u{(f{r]z)) = u{(p{z)) in the case when w{z) = 0, 

• u{!f{r]z)) — u{(f{z)) = w{0)z'' + 0{\z\'^^°') otherwise. Moreover, in this case v is 
not a multiple of d. 

Proof. Let 0(2;) = 2; + 0(2;^) be the function constructed in Lemma [3.3[ so that ri(j){z) = 
ilj{(f){r]z))) + z'^^^'-f{z'^) . Substitute the latter relation into the comparison relation u{riz) = 
u{ip{z)) + z'^w{z) and obtain 

«(^(0(r7z)) + z'^+S(^'')) =«(#(^))=m(^(0(2)) + 0"(z)-«;(0(z)). (3.16) 

Denote u{ilj{(f){z))) by 'u(z), this is a reparameterization of the map u{z) in the new 
coordinate, such that the old one is given by the formula (j)~^{ilj~^{z)). (Notice that we 
use the same notation z for both.) 

We want to rewrite the (13.161) in this new coordinate. Let us start from the left hand 
side. Assume that 7(z) is not identically and denote by k the order of vanishing of 
7(z) at z = 0. Then z'^+^-f{z'^) = az^''+^'>'^+^ + 0{z^''+^'>'^+^). Since 0(2) and ^piz) are 
reparameterization of the form z + Olz"^), one can rewrite ilj{(f){r]z)) + z'^^^'~f{z'^) in the 
form tp^(l)(^T]z + z^''~^^'^^^^^{z)^~^ with holomorphic function 7(2;) satisfying 7(0) = a. In the 
other case 7(z) = we obtain a similar relation with j{z) = 0. 

As for the right hand side one can rewrite the expression (j)'^{z) ■w{(j){z)) in the form 

(r^(^)))^-u;(V^-^(;.))) 

with a new function w{z) of the same regularity L^'^ such that w{0) = w{0). So we 
conclude that the reparameterized map u{z) = u{ip{(f){z))) satisfies the relation 

u{7]z + z'^'^+^^'^+^^iz)) = u{z) + z"" ■ w{z) 

Finally, using ulz) = fo2;^+0(|2;|^+"), we obtain u{riz) = u{z)+z'' ■w{z)—^ri'^~^^{0)vQZ^'^^'^ + 

Now assume that kd + n < u ot that w{z) = 0. In this case u{r]z) = u{z) +w' ■ z^'^^^ + 
Q(^\^^]kd+^l+a^^ with some non-zero vector w' . Then, using the equality rj^ = 1 (since (i is a 
divisor of /x) 

^ = Yfj=i{u{r]h) -uiji^-^z)) =d-w' ■z'"^+^' + 0{\z\'"^+^+'^) (3.17) 

which is a contradiction. 

Observe that we obtain the same contradiction in the case when kd + fi> u (including 
the extremal case 7(z) = 0) and z/ is a multiple of d, so that rj'^ = 1. 

From this contradiction we can conclude the following: 

• In the case w{z) = we must have 7(z) = 0, and so the function {p(z) := ilj{(j){z)) 
is the desired reparameterization. 
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• In the case w{0) 7^ we must have u < kd + fi and d can not be a divisor of u. 
Again, (p{z) := ip{(f){z)) is the desired reparameterization. 

□ 

Comparison Theorem is proved. 

4. Primitivity and Positivity of Intersections 

In this section we shall prove the important regularity properties of J-complex curves 
with Lipschitz-continuous J-s, i.e., Theorems A and B from the Introduction. 

4.1. Definitions. We fix an almost complex manifold {X,J) with J G C^"^'^. Let {Si,ji), 
i = 1,2 be two Riemann surfaces with complex structures ji and j2- 

Definition 4.1. Two J -holomorphic maps ui : (5'i,ji) — )■ X and U2 ■ (82^2) — ^ X with 
Wi(ai) = U2{a2) for some at e Si are called distinct at (01,02) if there are no neighborhoods 
Ui C Si of ai with ui{Ui) = U2{U2)- We call Ui : {Si,ji) — )■ X distinct if they are distinct 
at all pairs (01,02) G Si x 6*2 with 'Ui(oi) = ^2(02). 

A related notion is the following 

Definition 4.2. A J -holomorphic map u : (5*, j) X is called primitive if there are no 
disjoint non-empty open sets Ui,U2 C S with u{Ui) = u{U2). 

Note that a primitive u must be non-constant. Let B be the unit ball in and mi,M2 : 
A — 7- i? two C^-regular maps with the following properties: both images 71 := Ui{d/S) 
and 72 := U2{dA) of the boundary boundary circle dA are immersed real curves lying 
on boundary sphere dB = S^, the origin is the only intersection point of the images 
Ml := Ui(A) and M2 := U2(A). Let Mj be small perturbations of Mj making them 
intersect transversally at all their common points. 

Definition 4.3. The intersection number of Mi and M2 at zero is defined to be the alge- 
braic intersection number of Mi and M2. It will be denoted by 6o{Mi,M2) or, 60 if Mi 
and M2 are clear from the context. 

This number is independent of the particular choice of perturbations Mj. We shall 
use the fact that the intersection number of Mi and M2 is equal to the linking number 
^(71, 72) of the curves ■ji on S^, see e.g., [R^. Mi and M2 intersect transversally at zero 
if the tangent spaces TqMi and T0M2 are transverse. In this case So{Mi,M2) = ±1. 

4.2. Proof of Theorems A and B. We turn now to the proof of Theorems A and B. 
It is divided into several steps, some of them will be stated as lemmas for the convenience 
of the future references. Let Mi are J-complex discs in (C^, J), z = 1,2. By (12. 4p we have 
the following presentations 

ui{z) = z'''vi{0) + O{\z\^'+'') (4.1) 

U2{z)=Z^''V2{0)+O{\z\^'+'') 

with non-zero vectors vi,V2 G TqB = and integers /ij > and with some a > 0. 
Moreover, by (12.301) for both curves we have 

du,{z) = fi,z''^-\{0) + O{\z\^'^-'+''). (4.2) 

(14. ip and (14.21) imply the transversality of small J-complex discs Uj(A(p)) to small spheres 
S!^. More precisely, there exist radii p > and R > such that for any < r < R 
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the J-curves Uj(A(p)) intersect the sphere 5^ := + |w2p = r^} transversely along 

smooth immersed circles 7i(r). In fact, the asymptotic relation (4.1) provides that for any 
9 E [0,27r] there exists at least one solution of the equation |Mj(pje'^)| = r with pi < p, and 

that for any such solution pi the quotient pi/ ( j must be close to one. Then one 

uses (4.2) to show that the set %{r) := {2 G A : |'Uj(z)| = r} is, in fact, a smooth immersed 
curve in A, parameterized by G [0,27r], and that Ui : 7i(r) — )■ is an immersion with 
the image 7i(r). 

Taking an appropriate small subdisc and rescaling, we may assume that p = 1 = R. Note 
that the points of the self- (resp. mutual) intersection of 7i(r) are self- (or resp. mutual) 
intersection points of Ui{A). Let us call r g]0,1[ non-exceptional if curves 7i(r) C are 
imbedded and disjoint. Thus r* g]0,1[ is exceptional if S^, contains intersection points of 

Lemma [4. II and Corollary 14. II provide that any such intersection point is isolated in the 
punctured ball B := {0 < |wip + |w2p < !}• This implies that either there exist finitely 
many exceptional radii r* g]0, 1[, or that they form a sequence r* converging to 0. 

Denote Mi{r) := Ui{A)r\B{r). For non-exceptional r we can correctly define the 
intersection index of Mi(r) with M2(r) as the linking number of 71 (r) and 72('")- 

Step 1. In this step we shall prove that two distinct J-complex curves intersect by a 
discrete set. 

Lemma 4.1. Let J he a Lip schitz- continuous almost complex structure on a manifold X 
and let Ui : (^i, ji) — )■ X and U2 : (5*2, J2) X he two distinct non-constant J -holomorphic 
maps. Then: 

i) The set {(^1,2:2) G 6*1 x 6*2 : Mi(-2i) = U2{z2)} is discrete in Si x 5*2. 
a) The intersection index at every p = ui{zi) = ^2(2:2) is at least pi ■ p2, where pi is the 
multiplicity of zero of Ui, z = 1,2. 

Proof. The claim is local so we may assume that (5*1, ji) = (5*2, J2) = (A, Jst), X is the 
unit ball B in C^, J(0) = Jst, and ui{0) = ^2(0) = G 5. 

Write each map in the form Ui{z) = viz^^^ + 0(|z|^'"*'"). We must consider three cases. 

Case 1. The vectors fi(0) and ^2(0) are not collinear. 

It is easy to see that, in this case, G is an isolated intersection point of 'Ui(A) and 
M2(A) with multiplicity exactly pi-p2- In particular, intersection index in every such point 
is positive. In fact, consider the dilatations: Jt{w) = J(t^^'^'^w), u\{z) = t~'^^^^Ui(t'^'^z) 
and u\{z) = t~^^^^'^U2{t^^ z) for a small t > 0. u\ are J^-holomorphic and converge to 
/ij-times taken disc in the direction of fi(0). The rest is obvious. 

Case 2. The vectors fi(0) and ^2(0) are collinear and pi = p2 = I- In other words, ui(A) 
and U2{A) are non-singular tangent discs. 

Rescaling parameterization of Ui and rotating coordinates in we can suppose that 
fi(0) = ^2(0) = Ci- Applying the Comparison Theorem we see that 

U2{z)-ui{^{z)) = z''w{z) (4.3) 

where w{0) = 62 and ip{z) = z + 0{z^) is some holomorphic reparameterization. Consid- 
ering intersections we see that for r > small enough the circles 71 (r) := Mi(A) flS*^ and 
72(r) := M2(A)nS'^ are imbedded and, as we go along 7i(r), 72(r) stays in the tubular 
neighborhood of 71 (r) of radius p = 2r^ and winds u times around 7i(r). This shows that 
the linking number /(7i(r),72(r)) is u. 
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Case 3. The vectors fi(0) and ^2(0) are collinear and fii,fi2 are arbitrary. 

The discs Ui(A) and M2(A) are immersed outside the origin 0. The consideration from 
Case 2 show that the intersection points of ui(A) and M2(A) are discrete in mi(A)\{0}. 
In particular, for any sufficiently small r > there are finitely many intersection points in 
the spherical layer B2r\Br. In particular, there exists a sufficiently small r > such that 
the circles 71 (r) := Mi(A) n and 'j2{r) := M2(A) fl Sf are immersed and disjoint. 

In Theorem 16.11 below we show that for a given r > small enough there exists a J- 
holomorphic perturbation 'U2(^)of the map U2{z) such that U2{z) = ViZ^' +0{\z\'^^~^°') with 
V2 different from but arbitrarily close to V2 = Vi. Moreover, the map 'U2{z) is arbitrarily 
close to U2{z). In particular, the circle 72(7") := 'U2(A)nS'i? remains disjoint from 71 (r) 
and homotopic to 72(?") in S^\'ji{r), the linking number /(7i(r),72(r)) remains equal 
/A;(7i(r),72(r)), and 'U2(A)n5r remains immersed outside the origin. Now using first two 
cases we conclude that there are finitely many intersection points of Mi(A) and 'U2(A) in 
Br, the intersection index in is /xi ■ fi2 and that all other intersection indices are positive. 
Since /(7i(r),72(r)) is the sum of these indices we conclude the part H) of the lemma. 

□ 

Remark 4.1. Let us point out that the statements (i) and (ii) of Theorem B are proved. 
The proof of (iii) is now obvious. Really, if (5p = 1 then /ii = /U2 = 1, i.e., are not 
singular. If they are tangent then u > 1, but we proved that 6p = u, contradiction. This 
finishes the proof of Theorem B. 

We continue the proof, now of Theorem A and, therefore, turn our attention to a single 
J-holomorphic mapping u : S ^ X. The following step in the case of multiplicity /i = 1 
is trivial and therefore we suppose that /i > 2. We will also use (14.11) and (14.21) as holding 
true for C^-valued maps (which is, of course, so in (12. 4p and (I2.30p ). 
Step 2. Multiple J-holomorphic mapping u with multiplicity of zero equal to fi can be 
locally represented in the form u{z) = ^(z"') with some J-holomorphic u and some integer 
d. 

Lemma 4.2. Let u : S ^ X be a J-holomorphic map with J G C^*^ and let p & S be a 
critical point of u of multiplicity fi>2. Then there exist a neighborhood W G S of p, a 
holomorphic map tt -.W ^ A, and a J-holomorphic map -u : A — )■ X such that 

• IT is a covering of some degree 1 < d < fi, d\fi, with p being a single branching 
point (d = 1 corresponds to the trivial case when u is an imbedding itself); 

• UOTT = u\w,' 

• the map -u : A — > X has multiplicity 1 at zero and is a topological imbedding. 

Proof. Choose local complex coordinates (wi,...,w„) in a neighborhood of u{p) G X 
such that the complex structure Jst defined by (wi,...,w„) coincides with J at the point 
u{p). Let 2; be a local complex coordinate on S" in a neighborhood W G S of p. We may 
assume that (wi,...,w„) (resp. z) are centered at u{p) (resp. at p). By (12. 4p . after an 
appropriate rotation and rescaling of coordinates wi,...,Wn in C", we can write u in the 
form 

uiz) = eiz>' + 0{\z\>'^°). (4.4) 

Let pi : C" — 7- C be the canonical projection onto the coordinate plane < ei >. Then 
ui{z) := (pi ou){z) is a ramified covering of degree /i at the origin. Really, from (12. 4p and 
Lemma [2.31 we have that 

u,iz)=z^{l + giz)) 
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where g G Lf^^ and g{z) = 0{\z\). From this we obtain that l + g{z) is an imbedding in 
a neighborhood of zero and it admits a root of degree fx, i.e., l + g{z) = {l + f{z)'j^ for 
some / G Lf^^ and f{z) = 0{\z\). Therefore we can write 

u,{z) = z^{l + fiz))'' (4.5) 

and ^ 

uf ■.z^z{l + f{z)) (4.6) 

is an imbedding. If m|vk is an imbedding for some neighborhood W 3 p then the Lemma 
is trivial with d= 1. Suppose now that m|vf is not an imbedding for any neighborhood of 
p. Take zi ^ z^ near p = such that u{^z\) = u{z2). This imphes Ui{zi) = Ui{z2) and the 
latter reads now as 

z^{l + fiz^)Y = z^,{l + fiz2)Y. (4.7) 
We supposed that this happens for any W and therefore we can find two sequences Zi^n 7^ 
Z2,n, both converging to and such that u{zi^n) = u{z2,n)- Therefore, after extracting a 
subsequence, in view of (14. 7p we have 

Zl,n{l + /(^l,n)) = r/'^2,n (1 + fiz2,n)) (4.8) 

2-iTi 

for some < /c < — 1, where t] = e . IfA; = then from (14. 6 p and (14. 8 p we obtain that 
Zi,n = ^2,n for all n and this is not our case. 

Therefore we have that < k < fi. We consider z{l + f{z)) as a new holomorphic 
coordinate in a neighborhood of p. Therefore for u in this coordinate (14. 8 p means that 
for some sequence z„ — i- one has 

u{T]''Zn)=u{Zn). (4.9) 

From Proposition 13.11 we obtain that there exists a holomorphic reparameterization (f 
such that in new coordinates u{ini^z) = u{z), i.e., u is multiple of multiplicity d = fi/k. 

□ 

Let us remark that proving the last lemma we also proved the following 

Corollary 4.1. Let u : A i^^J) ^ primitive J -holomorphic map with J G C"P. 
Then for every < r < 1 the set {{zi,Z2) E A^ : zi^ Z2 and u{zi) = u{z2)} is finite. 

Proof. Suppose not. Then there exist two sequences zi,„ ^ Z2^n converging to zi and 
respectively to Z2, both in A, such that u{zi^n) = u{z2,n) for all n. 

Case 1. z\^ Z2. In that case the statement of the Corollary follows from the Theorem B, 
just proved, applied to the restrictions of u onto a non intersecting neighborhoods of Z\ 
and Z2. Really, let V\ 3 Zi and V2 3 Z2 be such neighborhoods. Set Ui := u\vi, M2 '■= u\v2- 
After translation and rescaling we can suppose that both ui and U2 are defined on the 
unit disc. Theorem B now applies and implies that Ui and U2 are not distinct. Therefore 
u is not primitive. Contradiction. 

Case 1. z\ = Z2. This case was considered in the proof of Lemma 14.21 In that case u 
occurs to be non-primitive. Contradiction. 

□ 

Step 3. Construction of the surface S and a primitive map u : S ^ X . 

Consider the set Y of pairs (V,My) such that V is an abstract complex curve and uy '■ 
— i- X is a primitive holomorphic map with the image uv{V) lying in u{S). We write 
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V & Y meaning {V^uv) G Y. Take the disjoint union UygyV and define the following 
equivalence relation on S: points pi & Vi & Y and P2 & V2 & Y are identified if there 
exist V2, &Y, B, point ps e V2, and holomorphic imbeddings </?i :V^^Vi, '■ V3 ^ V2, 
such that (fiiips) = Pi and the both compositions uy^ o Lp^ give : V3 ^ X. Define 
5" := Uv^rV/ ~, denote the natural projections V ^ S hy Tiy, and equip the set S with 
the quotient topology whose basis form the images nv{V) C S with V & Y. It follows 
from the construction of S that there exists a continuous map u : S ^ X such that 
■u o TTy = My : y — >■ X for any V eY. 

The primitivity of the map u : S ^ X follows from the definition of S. 

Step 4. S is Hausdorff and there exists a natural complex structure j on S such that 
for every V E Y the projection tt : Vy ^ S is {j,j) -holomorphic and such that the map 
u: S ^ X is J -holomorphic. 

Let pi and p2 be two distinct points on S. Fix their representatives pi E Vi E Y. If 
u{pi) 7^ u{p2), then there exist disjoint neighborhoods u{pi) G Wi C X and u{p2) E W2 C 
X. Since u : S ^ X is continuous, the pre-images Ui :— u~^{Wi) are open in S. Then Ui 
are desired disjoint neighborhoods of pi and p2- 

Now assume that u{pi) = u{p2). Then by Step 2 there exists neighborhoods Pi E Ui C Vi 
such that u{pi) — u{p2) is the only intersection point of u{Ui) and u{U2)- It follows from 
the definition of the topology on S that Ui are desired disjoint neighborhoods of pi and 

By the construction, for every V eY the map Try : V — )> S* is an open imbedding so that 
each V is an open chart for S. We claim that the complex structures onV eY induce a 
well-defined structure Jon S. For this purpose it is sufficient to consider the case Vi C V2. 
Since the map it : V2 — > X is C^-regular, the complex structure on Vi is determined by 
the structure J on X at each point p EV2 with du{j)) 7^ 0. Thus the inclusion Vi C V2 is 
holomorphic outside the set of critical point of m, which is discrete. Now we use the fact 
that the extension of a complex structure over an isolated point is unique (if exists) . 

Finally, we observe that u: S ^ X is (J, J)-holomorphic. 

Step 5. Construction of the projection tt : S ^ S . Consider the set W consisting of pairs 
{W,7Tw) in which W is an open subset in S and nw W ^ S is a holomorphic map 
such that uojtw = u\w '■ W ^ X. Since u : S ^ X is non-constant, it is locally an 
imbedding outside the discrete set of critical points of u. Using the fact of the primitivity 
oi u : S ^ X we conclude that tth- : W ^ S is unique if exists. In particular, ttwi and 
TTw^ must coincide on each intersection Wi fl W2 so that there exists the maximal piece 
W^max := UjW^j with the map TTmax '■ M^max S. By Step 1, W^ax is the whole surface S. 

□ 

4.3. Corollaries. The same proof gives the following variation of Theorem A: 

Theorem 4.1. Let (Si,ji) and (5*2, be smooth connected complex curves and Ui : 
{Si,ji) — )■ {X, J) non-constant J -holomorphic maps with J E C^^p. If there are non-empty 
open sets Ui C Si with Ui{Ui) — 1x2(^^2); then there exists a smooth connected complex 
curve {S,j) and a J -holomorphic map u : {S,j) — >■ (X, J) such that Ui{S])\Ju2{S2) — u{S) 
and u: S ^ X is primitive. 
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Moreover, maps u-i : Si ^ X factorize through u : S ^ X , i.e., there exist holomorphic 
maps Qi : {Si,ji) — )■ (5*,^') such that Ui = uog^. 

□ 

In the case of closed J-complex curves we obtain the following: 

Corollary 4.2. Let {S,j) be a connected closed complex curve and let u : {S^j) — )■ (X, J) 
he a non-constant J -holomorphic map into an almost complex manifold X with Lipschitz- 
continuous almost complex structure J. Then there exists a connected closed complex 
curve {S,j), a ramified covering it : S S and a primitive J -holomorphic map u: S ^ X 

such that M = MOTT. 

The following corollary is immediate. 

Corollary 4.3. Let Ui : Si ^ {X,J), i = 1,2 be closed irreducible J-complex curves with 
J G C^^P, such that mi(S'i) = Mi 7^ U2{S2) = M2. Then they have finitely many intersection 
points and the intersection index in any such point is strictly positive. Moreover, if fii 
and 1x2 are the multiplicities of ui and U2 in such a point p, then the intersection number 
of Ml and M2 in p is at least fii- fi2- 

5. Optimal Regularity in Lipschitz Structures 
In this section we shall prove the Theorem C from the Introduction. 
5.1. Preliminaries. Consider the Cauchy-Green operator Tcg = ^* (')• 

{TcGu)iz) [ ^dCAdC (5.1) 

Tcg is a bounded operator from C'^'"(A,C") to C'^+^'"(A,C"') for < a < 1. In particular, 
there exists ^ (the norm of Tcg) such that 

||^CG'^|lc'=+i.a(A) — -^fc.a ll'^llc'='"(A) (5-2) 

for all ugC°(A). 

We shall need also the Calderon-Zygmund operator 

{Tgzu){z) ■.= p.v.^. [ ^^dCAdC (5.3) 

It is a bounded operator in spaces C'^'"(A) and L^'^(A) and its norm in these spaces will 
be denoted as G^^a and Gk,p correspondingly. 
Next consider the Cauchy operator 

dA 

Tc is a bounded operator from C'''°'{dA) to C^'°'{A). For all these facts we refer to |MP] . 
We have the following Cauchy-Green Formula: for u G C^(A) and 2; G A 

u{z) = {Tcu){z)+(tcg^]{z). (5.5) 



dz J 

Via the Cauchy-Green formula the differential equation fl2.34p is equivalent to the fol- 
lowing integral one: 
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du 

u = Tcu + TcgQ{Ju{z))^. 

oz 



(5.6) 



5.2. Approximation by smooth curves. We fix J-holomorphic n : A — t- M supposing 
that m(0) = and that u is defined in a neighborhood of A. Let i? be a closed ball 
containing the image m(A). Remark that since J G for any < a < 1 then by the 
standard regularity of J-complex curves u G C^'"(A). We also suppose that J(0) = Jst- 
Considering dilatations Jsiu) = J{6u) we can suppose that Lip{J) is as small as we wish. 
Rescaling u by us^s '■= ^^{ez) be also can suppose that C'^'°(A)-norm of u is as small as we 
wish with u staying to be J^-holomorphic. The proof will be achieved via approximation 
of J in Lipschitz norm by smooth (of class C^'") structures. 

Lemma 5.1. There exists an e > such that if Lip{J), ||m||ci,q(^) < s then for any almost 
complex structure J of class 0^'°" on B, standard at origin and such that \ \J — J\\c'-ip{B) < ^ 
there exists a J-holomorphic u : A B such that u{0) = and 



u{z) = {Tcu){z)-{Tcum + T, 



CG 



T, 



CO 



(0). (5.7) 



Proof. Actually (15. 7p implies that u is J-holomorphic and u{0) = 0. Therefore all we 
need is to construct a solution of (15.61) . In order to do so set uo{z) = u{z) and define by 
iteration 



Un+i{z) = (Tcu){z)-(Tcu){0) + TcG 



Q{J{Un)) 



dUn 

dz 



{z)-T< 



CG 



Q{J{Un)) 



dUn 

dz 



(0). (5.^ 



We want to prove that Un converge to a solution of (15. 6p . First we need a uniform bound 

dUn 11 

dz IIC"(A)' 



on ||Mn||cc(A) and 



Step 1. Estimate of \\un\\ca(^^y 

Set q= IIQIL , ,, „ and write 

^ 1 1 ^ 1 1 End jj Af at{2n X 2?i,IR) 
dUn+1 



dz 



LP (A) 



— ^ ll^llci''»(A) + 



TczQ{J{un)) 



dUr. 



dz 



<C\\u 



LP (A) 



+qeGp 



dur 



dz 



LP(A) 



<c\\ 



dUn-l 



dz 



< 



LP{A) 



<...<C ||n||ci,.(^) J2(^^^p)' + (?^G'p)"+i 



k=l 



du 



dz 



^ C ||tt||^l,ci 



LP{A) 



if £ > was chosen small enough, i.e., qeGp < ^. At the same time from (15. 8p we see 
immediately that 



du 



n + l 



< qe ^ T-oiA\ ^ Cqe UmILi Taking into account the 

fact that 'Un(O) = we obtain from the Sobolev Imbedding L^'^(A) C C°(A) the desired 
bound 

<C||mLi.,,^^ (5.9) 



"IIC"{A) 



ICi'"(A) 



with C independent on n. Here p > 2 should be taken at the very beginning satisfying 



a 



1- 



Step 2. Estimate of \\^\\^,,^^y 
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dUn+l 



dz 



C°(A) 



— ^ ll^llc'-'"(A) ~^ 



g(JK)) 



dz 



< C ||m||ci,c(a) + 



dur 



dz 



dUn 



dz 



C"{A) 



)< 



dz 



C"{A) 



)< 



n+1 



(5.10) 



k=l 



for £ > sufficiently small. 

Step 3. Convergence of approximations. 



We proved that lkn|lc«(A) > ||^||cc(a) ^ ^ o ^ u an^^ h 
enough. Now we can write 



< C if £ > and II mIUi.q/a^, were taken small 



l^n+l "^n llcl'"(A) — 



dz 



dz 



< 



Q{JM) 



dUn _ dUn-l 

dz dz 



Q{J{nn))-Q{J{Un^l)) 



dUn-1 



dz 



< 



< 2CHaqe \\Un — Un-l 11(^1, a(A) ~^ 2CHaq6 \\Un — Un-1 |lca(A) ' 

For e > small enough we obtain 



I'^n+l "^njlci.aj^A) — ^ ll^n ^n— l|lci,a(A) 



(5.11) 



(5.12) 



with some fixed < r < 1. Therefore converge in C^'"(A) to a solution u of (15. 7p . 
Lemma is proved. 

□ 

Lemma 5.2. Let {Jn} be a sequence of almost complex structures on B of class C^'°', 
standard at origin, converging to J in C^^p{B). Let Un he some solution of ( [5. 7] ) for Jn- 
Then 11^™ — m||ci,<:«(a) 

Proof. Since u also satisfies (15. 6p we can write ||ti„ — mH^^i^q < 

du 



<2H^ 



+2H^ 



Q{Jn{Un))^-Q{J{n))^^ 



<2H^\\Q{Jniun))\U 



dUn 


du 


dz 


dz 



+ 



du 



dz 

And this implies 



||(5(J„('")) -(5(J('u))|Uc < 2Hc^qe\\un-u\\ri,c, + C\\Jn- J\ 



c 



1 - 2Ho,qe 

Remark 5.1. Remark that m„ have regularity C^'". 



^n-^llr- 0. 



□ 
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5.3. Log-Lipschitz convergence of approximating sequence. 

Lemma 5.3. Let Un and Jn be as in Lemma \5.S[ Then are uniformly bounded in 

Ql,LnLip(^^y 

Proof. To prove this statement we need to recall one useful formula. For a smooth 
function A on an almost complex manifold (X, J) the 1-form djX is defined by 



d^jX{v) = -dX{Jv) (5.13) 

for every tangent vector v. If J is of class then ddjX is then defined by usual differen- 
tiation. As usual, A = ^ + ^ will denote the Laplacian on the plane C. The notation 
c?'^ = dj^^ is relative to the standard complex structure on C. So for a function A defined 
on an open set of C: d^X = —^dx + ^dy. Therefore dd^X = AXdx A dy. 

This can be generalized to the functions on X as follows. Let J be a C^-regular almost 
complex structure defined on an open set Q C M^" and let A be a function defined on fl 
(as A we shall take coordinate functions Ui,...,U2n in M^" to deduce the needed regularity 
of M : A — !■ R^"). If M : A — > {Q, J) is a J-holomorphic map, then: 

A(Aon)(^) = [rfrf}A]„(.)(|^(z),J„(.)|^(z)). (5.14) 

For the proof we refer to jlRl] . 

Apply the formula ( I5.14p to the J„-holomorphic mapping m„ obtained above: 

A{Xou^){z) = [ddlXU,^[^{z),UMz))^{z)). (5.15) 

Since J„ converge to J in Lipschitz norm their first derivatives are uniformly bounded on 
B and therefore the right hand side of fl5.15p shows that for any smooth function A on 
M^" Laplacians {A(Aom„)} are uniformly bounded on A for all n. Lemma 1.7 from [IRl] 
gives now that {Xoun} are bounded in C^'^"'^*^(A). As A we can take any coordinate 
function Uk on M^" and obtain the desired statement. 

To finish the proof of Theorem C all is left is to remark that if m„ — ?■ m uniformly and 
{un} stay bounded in c1'-^""p(A) then u e C^'^"-^^p(A). 

□ 

Remark 5.2. If J is of class then the following statement holds true, see |IS2j . Let 
M : A — )■ X be a J-holomorphic map and let {E, Ji := u*J) be the induced bundle. Then 
this complex vector bundle has a natural structure of a holomorphic bundle and du is a 
holomorphic morphism of holomorphic bundles TA E. 

The approximations made in the proof of Theorem C permit to extend this statement 
to the case of Lipschitz-continuous J. Really, for a given J-holomorphic u : A — )■ X of 
class C^^LnLip(^^^^ constructed a sequence J„ of smooth structures converging to J in 
Lipschitz norm and a sequence of J„-holomorphic m„ : A — X converging to u in the space 
Qi,LnLip(^^y That means that holomorphic structures constructed in [IS 2] will converge 
and dun will converge to an analytic morphism of sheaves du. 
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6. Perturbation of a Cusp 

6.1. Inversion of a (9- type operators. We shall perturb a cusp of a J-holomorphic 
map Mo : (A,0) — )■ (C",0), which we suppose to be given in the form (12.41) : 

where v G Lj^^, zv G L^^^. We shall use perturbations of cusps in several different ways in 
this paper. Our first aim is to perturb Uq in such a way that the perturbed map u stays 
to be J-holomorphic and has no cusps. For that aim we should search for a perturbation 
u of Uq in the form 

u{z) =uo{z) + z-w{z), (6.1) 

where w{0) = wo and wq is not collinear to vq. Such perturbations will be used in 
the following section for the proof of the Genus Formula. Later, for deriving an "essential 
part of a Puiseux series" we will need to perturb uq adding a term of an arbitrary degree 
and along a tangent which may be collinear to vq. Of course, we are interested only in 
J-holomorphic perturbations. We start with the following 

Proposition 6.1. //, under the assumptions of Proposition IKTl (for k = 1), the sum of 

the norms || J — Jst||ci'ip(A) + II-^IIli.p{A) '^^ sufficiently small then: 

i) There exists a linear bounded operator Tj^ : L^'^(A) — > L^'P(A) such that (dj + R) o 

= Id and (T°rm)(0) = for every u G LI'p'(A); 
i) The same operator acts also from C°(A) to C"'^'"(A) with the same properties. 

For J = Jst and i? = the operator in question is Tj^^ g(u) = Tqc^ ~ (^cg'?^)(0), where 
TcG is the standard Cauchy-Green operator. For general J, i? the operator Tj^ can be 
constructed as the perturbation series: 

oo 

T^Ir ■■= E(-l)"^I.o ° {id J - dj.. + R o Tl,)\ (6.2) 

n=0 

6.2. Proof of the main result. Let us state and prove the main result of this section. 

Theorem 6.1. Let J be a Lip schitz- continuous almost complex structure in the unit ball 
S C C" with J(0) = Jst and let Uq : A ^ B be a J-holomorphic map. Let u > be an 
integer and wq G C" 5e a vector. Then there exists a J-holomorphic map u : Ar ^ B, 
defined in a smaller disc A^, such that 

u{z) = uq{z) + z" -wi^z)^ (6.3) 

with w{fS) = Wq and w G L]^ for any p < oo. 

Proof. Let us apply the Cauchy-Riemann operator to u{z) in the form (16. 3p : 

= djouU = dxU + J{u)dyU = dxU + (J(m) — J{uo))dyU + J{uo)dyU = 
= d^uo + J{uo)dyUo + d^iz^w) + J{uo)dy{z''w) + ( J(m) - J{uo))dy{uo + z^w) = 
= djouoUo + djouoiz^w) + (J(m) - J(mo)) (dyUo + dyiz^w)). 
Therefore we need to solve the equation 

djouoiz^w) = (Jiuo) - Jiu)){dyUo + dyiz''w)). (6.4) 
Multiplying by z~'^ we obtain 

z-''djouoiz''w) = z-''{Jiuo)-Jiu)){dyUo + dyiz''w)). (6.5) 
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The left hand side of (16 .Sp can be transformed as follows 

z-'^djouoiz'-w) = {d, + z"'J{uo)z''dy)w + iyz-''{z''-^ + Jiuo)Jstz''-')w = 

= {d, + z~''J{uo)z''dy)w + uz-" (1 + J(uo) Jst) z'-'w =: dj^.^,^^w + R^'^w, 

where J^'^^ := z"" J{uq)z'^ is Lipschitz-continuous by Lemma 12.21 and R^"^ admits an 
obvious pointwise estimate \R^^\z)\ < uLip{J)\\uo\\^^i^a- Therefore the left hand side of 
(16 -Sp has the form 

Dj,.,^^,Xw):=dj,.,w + R^'^w, (6.6) 

for a Lipschitz-continuous J^'^'^ and a bounded R^'^^ with Hi?^'^)]!^^ small. The right hand 
side 

F(^) {z, w) := z-'' {j{uo) - J{u)) {dyUo + dyiz-'w)) 
of (16.51) admits the following estimates: 

\\F^''\z,w)\\^^^^^<C-Lip{J) ||no||ci,c.(A) IkllLi.p(A); (6-7) 

\\F^''\z,w)\\^^^^^ <C-Lip{J) ||Mo||ci,a(A) lkllci.«(A); (6-8) 

1 1 F^"^ {z, wi) - F^"^ {z, W2)\\ ip/c«(A) - ■ Lip{J) \\uo\\ci,c || - || li.p/ci."(a • (6-9) 
Our goal is to solve the following equation 

'Dj^.,^^^w = F('^\z,w), 
w{0) = Wq. 

We can apply Newton's method of successive approximations by setting 

Wn+l = Tj^.)^R(.) [F''''\z,Wn)] +Wi, (6.11) 

where wi is to be found as a solution of the following system 

^Wi{0)=Wo. 
I.e., 

wi{z) = Wo -T°(,)^^(,) (Dj(.)_„qWo). 

Estimates (16. 7p . (16. 8p . (16. 9p guarantee the convergence of the iteration process. The proof 
is very similar to that of the previous section. As it was explained there we can suppose 
that Lip{J) as well as |h^o|lci.Q(A) small as we wish, less then some e > to be 

specified in the process of the proof. We can also suppose that ||2,i,p(a) — ^- ll'^oll will 
be supposed also small enough. Finally, we shall suppose inductively that ||w^n|lLi,p(A) — 

As in the proof of Lemma 15.11 we start with estimating first the and then C°-norms 
of derivatives. 

Step 1. There exists a constant C, independent ofn, such that ||w^n|lc«(A) — ^ll^oll- 



(6.10) 



dWn+l 



dz 



\^JstWn+l\\ = \\djMWn+l + {Jst- ■J^''\u))dyWn 



LP(A) W-^jy-'^n-i-i 1 v"st " V"'//-|/"^n+l||ip(A) 

LP{A) 

\(dj(.) + R^''^)Wn+l - R^^^Wn+l + ( Jst - J^''\u))dyWn+l\\^p^^^ < £ |kn+l|| Lv{A) + 

+ IIF^'') (-z, Wn) II^p(a) + LipiJ^"^) II 



34 



Further 



n+lj 



Section 6 
< ^ lkn+1 II LP(A) +Ce \\Wn\\ 

dwi 



< 



LP{A) 



dz 



dz 



+ 



LP (A) 



^T%,^^,,[F^-^\z,w^)] 



LP(A) 



+ 



<C\\DjM^^^Wo 



LP{A) 



d_ 

dz 



LP(A) 



LP (A) 



< 



LP(A) 



+C^lkn||Li,p(A) < C'^lkoll +Ce||w„||^i,j,(^), 

Taking into account that w„+i(0) = Wq we obtain 

||'U^n+l||ii,p(A) <C(||wo||+£|kn||Li,p(A)), 

From f l6.13p we obtain 



(6.13) 



kn+i|Li,.(A) < C \\wo\\ Y.{Cef + {CeT^' \\w,\\ < C \\w,\\ , (6.14) 



k=0 



with C independent of n. This justifies our inductive assumption that HwnH^i.p^^^-j < | 
and imphes in its turn the needed estimate 

lkn+l||c.(A)<C^II«'0||- (6.15) 

Step 2. There exists a constant C independent ofn such that ||V(w„)||^a(A) ^ C \\wq\\. 
Using computations of the Step 1 write 

diWn+l) 



dz 



< ||F('^)(^,^n)||c.(A) + \\R^^^^n\\r,.tA^ + IK^st - J^'\u))dyw4^^ 



C"(A) 



C"{A) 



"y^^^wc^iA) 



< Lip{J) ||Mo|Ic-(A) Ikn.llci.'^(A) +^ll^nllc"(A) lkn||ci.c(A) < lkn||ci,"(A) • (6-16) 

Analogously to L-'^-case write further 

d 



dWn+l) 


< 


dwi 


+ 


dz 


C"(A) 


dz 


C°(A) 



dz 



C"{A) 



d 



+ 

C"(A) 

+ ||F(-)(z,u7„)| 



d 



< 



^^{A) 



\C"(A) 



C"(A) 



+ 



+ C£:||m„||ci,c,(A) < C'e^lkoll +C'^^lk„||cl,a(A)• 
From fl6.16p and fl6.17p we obtain 

l|V(w„+i)||c.(A) < Ikoll + ||V(w„)||c.(A)) 

and therefore 



(6.17) 
(6.18) 



< ... < 



l|V(«;„+i)|lc.(A) < ^ Ikoll Ikoll +£l|V(w„-i)||c.(A) 

<C||V(«;o)|lc<^(A)<C|KI|. (6.19) 
We conclude these two steps with the estimate: 

||V(«;„)||c.(A)<C^lk'o|| (6.20) 

with C independent on n, provided Lip{J) and and \\wo\\ are small enough. 
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Step 3. Convergence of approximations. 
Write 

<C-6\\Wn-Wn~l\\ci,c(^j^) (6.21) 

by fl6.9p with e > as small as we wish. This gives us the desired convergence of Wn to a 
solution w of fl6.10p . 

□ 

Remark 6.1. Let w' and w" be solutions of f lG.lOp with initial data w'{0) = w'q and 
w"{0) = Wq. Then, as in fl6.2ip . we have 



\W W ||ci,Q(A) 



< 



< 



+ C\\F^''\z,w')-F^''\z,w")\ 



C"{A) 



< 



And therefore 



|u/-u/'||ci,a(A) < 



l-e 



I ' " 



II ' 



(6.22) 



i.e., a solution zw of fIG.lOp continuously depend on the initial data w(0) = wq. In 
particular we have 

1 



koll 



(6.23) 



for the solution with w(0) = wq. 

In the following lemma we suppose that u^i^z) = z^v{z) with t>(0) = fo = ei. 



Lemma 6.1. Let Lip{J) and a & C be small enough. Set wq = ae2. Then the J- 
holomorphic curve u{z) = uo{z) + zw has no cusps, where zw is a solution of 116. 10\} with 
u = 1 and initial data w(0) = wq. 

Proof. In an appropriate coordinates we have Uo{z) = z^ei + z'^^~'^v{z). After making 
a dilatations Js{z) := J{5'^z) and Uq{z) = -^Uq^Sz) we can suppose that Lip{J) < e - as 
small as we wish. Moreover, f l2.22p gives us the behavior of 11^"^ ||2,2,p(A(r) therefore we 
can estimate the differential of Uq in the following way: 

^ (6.24) 

Let zw be a solution of f l6.10p with w{0) = woe2- Remark that it satisfies fl6.23p . i.e., 

|kw^|lci,c(A) < C\\wo\\ 



du{z)=fiz''~^ei + R{z) with \R{z)\ < e\z\^~^'^'' for \z\ < 



(6.25) 
(6.26) 



and therefore its differential can be written as 

d{zw) = Woe2 + P{z), 

where ||P(z) || < C ||wo|| 

With these data we need to show that the differential of the J-holomorphic map u{z) 
Uq{z) + zw{z) does not vanishes in Ai. Let us write this differential: 



du{z) = iJ,z^ ^ei + R{z)+woe2 + P{z). 



(6.27) 
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We use the following notations: R{z) := Ri{z)ei + R2{z), where R2{z) takes values in 
the subspace span{e2, ...,en} of C". And the same for P{z). First of all, since ||P(2;)|| < 
C||wo|| \z\" we see that there exists < ro < | such that 

\\wo + R2iz) + P2iz)\\ > ||wo||(l-C|zr-C|z|^'-i+") >0 (6.28) 

for all \z\ < ro (independently of wqI). This gives us that the second coordinate of the 
differential is not vanishing for 1^1 < tq. At the same time 

|/iz^-^ + i?i(z) + Pi(z)| > fxr^''^ - £ - C \\wo\\ >0 (6.29) 

if Wq and e where taken sufficiently small. Therefore the first coordinate of the differential 
does not vanishes for \z\ > tq. 

□ 

This lemma permits us to define the cusp index of a cusp point of a J-complex curve. 

Definition 6.1. Let Uo{z) = z'^vq + 0{\z\^^'^°'), fi > 1, vq be a J-complex curve and 
let u be a small perturbation of Uq as in Lemma 6.1 which has no cusps. The cusp index 
^0 of Uq at zero is defined as the sum of intersection indices of self-intersection points of 
such a perturbation u. 

In the following section we shall see that this number doesn't depend on a perturbation 
(provided it is sufficiently small). 

7. Genus Formula in Lipschitz Structures 

7.1. Local numeric invariants. To state the Genus Formula we need to define local 
numeric invariants of J-complex curves and to insure that these invariants are positive 
(otherwise such "formula" will be useless). The problem is that we need to do this in 
the case when J is only Lipschitz-continuous. The first invariant — the local intersection 
number — was introduced in Definition 14.31 and in Theorem B it was proved that this 
number is always positive and is equal to 1 if and only if the local intersection in question 
is transverse. The second — the cusp index for a cusp point — was defined at the end of 
the previous section, see Definition 16.11 Now we need to prove that it doesn't depend on 
perturbation. It will be done by relating it to the Bennequin index. Much more details 
of this approach can be found in |ISlj and we suggest that the interested reader has the 
latter preprint in his hands while reading this section. 

7.2. The Bennequin index of a cusp. Let u : (A,0) — ?■ (C^,0) be a germ of a non- 
constant J-complex curve at zero (and J is Lipschitz). Without loss of generality we 
always suppose that J(0) = J^t- Taking into account that zeros of du are isolated, we 
can suppose that du vanishes only at zero. Furthermore, let Wi,W2 be the standard 
complex coordinates in (C^, Jgt). We already used several times in this paper the following 
presentation of u and its differential du: 

u{z) = z^'-a + 0{\z\f'+'') and du{z) = fiz^'-^a + 0{\z\f'-^+''). (7.1) 

Here a is a non-zero vector in C^, > 2 and < a < 1. 

For r > define Fr := TS^nJ{TSf) to be the distribution of J-complex planes in the 
tangent bundle TS^ to the sphere of radius r. Fr is trivial, because J is homotopic to 
Jst = J(0). By F we denote the distribution U^>oFr C Ur>oTSf C TB*, where TB* is the 
tangent bundle to the punctured ball in C^. Set M = u{A). 
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Lemma 7.1. The (possibly not connected) curve 7^ = MflS*^ is transverse to Fj. for all 
sufficiently small r > 0. 

Proof. Since J ~ Jst for r sufficiently small, Tjr is close to Jstfir, where Ur is the field 
of normal vectors to S'^. On the other hand, for sufficiently small r, the distribution 
is close to the one of Jst-complex planes in TS^, which is orthogonal to JstUr. 

□ 

This fact permits us to define the Bennequin index of 7,.. Namely, take any non- 
vanishing on section v of Fr and move 7^ along the vector field v to obtain a curve 7^. 
We can make this move for a small enough time, so that 7^ does not intersect 7^. 

Definition 7.1. The Bennequin index b{'~fr) is the linking number of '-fr and'-f'^. 

This number does not depend on r > 0, taken sufficiently small, because 7^ is homotopic 
to 7^^ for ri < r within the curves transverse to F, see |Bnj . It is also independent of the 
particular choice of the field v. For the standard complex structure Jst in 5 C we use 
Vst{wi,W2) '■= {—iU2,Wi) for calculating the Bennequin index of the curves on sufficiently 
small spheres. For an arbitrary almost complex structure J with J(0) = Jst we can find 
the vector field vj, which is defined in a small punctured neighborhood of the origin, is a 
small perturbation of Vst, and lies in the distribution F defined by J. 

The following statement is crucial for proving that the quantity = ^^^''J"^^ is a well 
defined and non-negative numerical invariant of a cusp. Denote by Br^ r2 the spherical 
shell Br^\Br^ for ri < r2. 

Lemma 7.2. Let T be an immersed J-complex curve in a neighborhood of Bj.^^r2 such that 
all self intersection points of T are contained in B^^^ri ^''^d all components of the curves 
'■= rnS*^. are transverse to Fr- for i = 1,2. Then 

where the sum is taken over self-intersection points ofV. 

Proof. Move F a little along vj to obtain F^. By 7^1,7^2 denote the intersections 
F^ n S'^^ , F"^ n 5*^2 5 which are of course the moves of 7^^. along vj. We have l{'^r2ilr.^ ~ 
Klri,1ri) = int(r,F^), where /(■,■) is the linking number and int(-,-) is the intersection 
number, see |Rf] . 

Now let us calculate int(F,F^). From Theorem B we know that there are only a fi- 
nite number {pi, . . . ,pn} of self-intersection points of F. Take one of them, say pi. Let 
Ml, . . . ,Md be the discs on F with a common point pi and otherwise mutually disjoint. 
More precisely we take Mj to be irreducible components of rr\Bp{pi) for p > small 
enough. Remark that Mj are transverse to vj, so their moves M? do not intersect them, 
i.e., MjHM^ = 0. Note also that for k ^ j we have mt{Mk,Mj) = int(Mfc,iWJ) for 
£ > sufficiently small. Therefore \nt{T n Bp{pi),T^ n Bp{pi)) = Ei<fc<i<di"t(Mfc,MJ) + 

int(M|,M,) = 2E,<;^<^.<^int(Mfc,M;) = 26p,. This means that int(F,F^) = 2-J2f^,5p^. 

□ 

Now we are ready to describe the cusp-index in a different way. Let u be a parameteri- 
zation of M near p. Take a small ball Br{p) around p = u{0) and a small disc A centered 
at zero such that u{A) = M r\Br{p). More precisely u(A) is the irreducible component 
of MPiBr{p) containing the cusp p. We take r > small enough, such that A contains 
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no other critical points of m|a then the origin and that u{A) has no self-intersections. 
Let 7r := u{A) ndBr{p) and bp be the Bennequin index of 7^, defined in Definition 17.11 
Lemma [7.21 together with the obvious fact that the Bennequin index of a smooth point is 
— 1 tell us that the number 

Xp:= (&p + l)/2 

is well defined, non-negative and is equal to the number of double points of a generic 
perturbation. 

Let us define the local invariants of a J-complex curve M in an almost complex surface. 
From Theorem B and Corollary 5.1 it follows readily that a compact J-complex curve 
with a finite number of irreducible components M = [jf^^ Mi has only a finite number of 
local self-intersection points, provided J is Lipschitz-continuous. 

For each such point p we can introduce, according to Definition 14. 3[ the self-intersec- 
tion number Sp{M) of M at p. Namely, let 5*^ be a parameter curve for Mj, i.e., Mj is 
given as an image of the J-holomorphic map uj : Sj — ?■ Mj. We always suppose that the 
parameterization Uj is primitive, i.e., they cannot be decomposed like Uj = Vjor where r is 
a nontrivial covering of 5*^ by another Riemann surface. Denote by {xi, . . . ,X]\f} the set of 
all pre-images of p under u : UiLi Sj X, and take mutually disjoint discs {Di, . . . ,Dn} 
with centers Xi,. . . ,Xn such that their images have no other common points different from 
p. For each pair Di,Dj, i j , define an intersection number as in Definition 14.31 and take 
the sum over all different pairs to obtain 6p{M). 

Now put 6 = J2p£D(M)^p(^)^ where the sum is taken over the set D{M) of all local 
intersection points of M, i.e., points which have at least two pre-images. Consider now 
the set {pi, . . . ,pl} C Uj=i = 5' of all cusps of M, i.e., points where the differential of 
the appropriate parameterization vanishes. Set x:= Yl!i=i^i- 

Numbers 5 and x are the local numerical invariants of M involved in the Genus Formula. 

7.3. Genus Formula for J-Complex Curves. Denote by Ci(X, J) the first Chern class 
of X with respect to J. Since, in fact, Ci(X, J) does not depend on continuous changes 
of J we usually omit the dependence of Ci(X) on J. 

Lemma 7.3. Let M = [J'^^iMj be a compact immersed J-complex curve in a four- 
dimensional almost complex manifold {X,J) with Lipschitz continuous J. Then 

t,,J.Ml^^fm^,^S. (7^3) 
For the proof see, ex. [TSl|, |MWj . or any other text. 

The proof of the general Genus Formula (II. 7p will be reduced to the immersed case 
via perturbations. To do so we need the following "matching" lemma from |ISlj . Let 
B{r) be a ball of radius r in M'^ centered at zero, and Ji a Lipschitz continuous almost 
complex structure on -8(2), Ji(0) = Jst- Further, let Mi = mi(A) be a closed primitive 
Ji-complex disc in -8(2) such that ui(0) = and Mi transversely meet 5*^ for r > 1/2. 
Here = dB{r) and transversality are understood with respect to both TSl and F^. 

By B{ri,r2) we shall denote the spherical shell {a; G : ri < < r2}. In the lemma 
below denote by Di^s the pre-image of B{l-\-6) by Ui. 



Lemma 7.4. For any positive 6 > there exists an e > such that if an almost complex 
structure J2 in B{1 -\- 6) and a closed J2-holomorphic curve M2 parameterized by U2 '■ 
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Di+5 —7- B{l + 5) satisfy || J2 — <^i|Ici(_b(i+(5)) ^ ^ '^'^^ ll'"2 — Wi||^i,pj.^^^^-) < e, then there 
exists an almost complex structure J in B{2) and J -holomorphic disc M in B{2) such 
that: 

-^^15(1-5) = J'i\B(l-&) 0''>T'd J\b{1+S,2) = -^iIb(1+<5,2)- 

b) M|5(i_5) = M2 n 5(1 - 5) and MnB{l + 6, 2) = Mi n B{1 + 6,2). 

Proof. We have chosen the parameterization of Mi to be primitive. Thus, ui is an 
imbedding on Di^s,i+5 = u^^ {Bi^s,i+s) ■ Let us identify a neighborhood V of u{D_s,s) in 
Bi-s,i+s with the neighborhood of the zero-section in the normal bundle to u{Di^s^i+s). 
Now 'U2|_D_^^ can be viewed as a section of over u{D^s,s) which is small i.e., contained in 
V. Using an appropriate smooth function ip on Di^s^i^s (or equivalently on u{Di^s,i+5)), 
¥^\B{i~s)nDi s = VldDi ^ = 0, < (/? < 1 we can glue U2 and ui to obtain a symplectic 
surface M which satisfies (b). 

Patching Ji and J2 and simultaneously making Mi complex can be done in an obvious 
way. 

□ 

Proof of the Genus Formula. Using Lemma 16.11 we perturb every irreducible component 
Mj near each of its cusp and using Lemma [73] we glue perturbed pieces back to compact 
curves and denote them again by Mj. The perturbed structure will be still denoted as 
J. The sum S of local intersection indices did not change and by Lemma 17.21 each cusp p 
with cusp-index Xp produces a finite set of intersection points with the sum of intersection 
indices equal to Xp. Now the Lemma [73] gives us the proof of the general case. 

□ 

8. Structure of singularities of pseudoholomorphic curves 

In this section we define an analogue of the Puiseux series for primitive J-holomorphic 
curves in Lipschitz-continuous almost complex structure J. 

8.1. Puiseux series of holomorphic curves. It is known that for a germ of an irre- 
ducible complex curve C in C" at the origin there exist a local holomorphic reparameter- 
ization of C" and a parameterization of C by a non-multiple holomorphic map u : A — )■ C" 
such that the first component of u{z) is z^°, whereas all remaining components have order 
> Po- In other words u{z) writes as 

U{z) = {zPo,ViZP^+V2zP2 + ■■■), (8.1) 

with some non-vanishing Vi G C"^^ and pj+i > pi for i > 0. Introducing a new variable 
t:=zP° we can write u{t) = {t, f2it^^^°),- ■ ■ , fn(t^^'^°)), or simply 

n(t) = (t,/(tVPo)), (8.2) 

where / is a holomorphic function with values in C"^^. The representation (18.21) is called 
the Puiseux series of m at G A. We refer to |Co] . Book II, Chapter II for a nice exposition 
on Puiseux series. Another reference is [Fi], Chapter 7. 

The following consideration explains the idea for the generalization of the notion of 
Puiseux series to the case of pseudoholomorphic curves. The exponents (po,Pi,---) of 
the non-vanishing terms ViZ^^ determine the topological type of the singularity of C at 
0. In particular, making non-vanishing deformations of the coefficients Vi we obtain an 
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equisingular deformation of the curve C = u{A) such that = u{0) remains the only singular 
point and the cusp index xq persists. However, some of exponents Pi are non-essential for 
the singularity type. That means that the type and the cusp index xq remains unchanged 
if the corresponding Vi vanishes and the term ViZ^' disappears. The other exponents, 
called characteristic or essential exponents of the singularity E C, admit the following two 
criteria. 

The first criterion is: pi is a characteristic exponent in a sequence po < pi < ■ ■ ■ < pi 
if and only if the sequence dj := gcd{po, . . . ,pj) decreases after di, i.e., di+i < di. The 
second criterion is as follows: consider approximations of the parameterizing map u{z) 
of the form u{z) —u{z'^) = 0{z^) such that u{z) : A,. — )■ C is a primitive holomorphic 
map in some (small) disc and p > Po,d > 1 are integers. In particular, u{z'^) is a d- 
multiple holomorphic map. Call such an approximation extremal if there exist no other 
approximation u{z) —u'{z'^) = 0{z^ ) with the same multiplicity d and higher degree p' > p 
and no other approximation u{z) —u"{z'^ ) = 0{zP) with the same degree p and higher 
multiplicity d" > d. It is not difficult to show that the degree pi of such an extremal 
approximation is exactly one of the characteristic exponents, and then the corresponding 
multiphcity is di_i = gcd{po, . . . ,pi^i). This second characterization follows immediately 
from the Puiseux series. 

Remark 8.1. Strictly speaking it is not immediately clear that extremal approximations 
do exist. We shall prove their existence in the following subsection, see Lemmas 18.11 and 



8.2. Multiple approximations J-complex curves. We use the second criterion for 
extremal exponents of the Puiseux series as a model for our constructions in pseudo- 
holomorphic case. Till the end of this section J will be a Lipschitz-continuous almost 
complex structure in the unit ball i? C C" with J(0) = Jst and u{z) : A — )■ i? a primitive 
J- holomorphic map, written in the form 

=t;o2^ + 0(1^1^+") with /i > 2 and t;o ^ G C". (8.3) 

Further, the relation f{z) = 0{\z\^^°') will be understood as ^^f{z) = 0(1^1^"*"") for every 
< a < 1". Similarly, notation ''w{z) e L^'P{A,Cy will mean ''w{z) e L^'P{A,C) for 
every p < oo". We start with the following easy statement. 

Lemma 8.1. Let n : A^ — > be a J -holomorphic map such that 

uiip{z))-u{z'^) = ;zPw + 0(|z|P+"), 

for some holomorphic function ip of the form ^{z) = z + 0{z^), some d> 1, and some 
w eC"'. If p> ^ then d is a divisor of ^. In particular, d < fi. 

Proof. Without loss of generality we may assume that <f{z) = z. Really, we can consider 
Ui :=uoLp instead of u. Remark that Vq in fl8.3p for ui will be the same. Let rj := e^'^^/'^ 
be the primitive root of unity of degree d. Then u{riz) —u{z) = u{r]'^z'^) —u{z'^) + 0{zP) = 
0{z^). On the other hand, u{z) = Vqz'^ + 0{\z\'^~^"') and hence u{riz) — u{z) = Vo{ri^ — 
l)z'^ + 0{\z\'^~^°'). Since p> fJ^, this implies that t]^ = 1. Therefore c? is a divisor of fi. 

□ 

Lemma 8.2. Let d be a divisor of fi, r] a primitive root of unity of order d, and 

u{(f){r]z)) -u{(f){z)) = w{0)z'' + 0{\z\''+'') (8.4) 
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the presentation given by Part (b) of the Comparison Theorem. Further, let u : — )■ 
B (for some r > 0) be a J-holomorphic map and ip{z) a holomorphic function in a 
neighborhood of zero of the form ip{z) = z + 0{z'^). Assume that 

uiifi{z))-u{z'^) = ^Pw + 0(|z|P+"), (8.5) 

with some w 7^ G C" and some p G N. Then p <v. 

Moreover, in the case p < u either the vector w is proportional to Vq or p is a multiple 
ofd. 

Proof. Recall that by the Comparison Theorem u > fi. This gives the proof in the case 
p<^. 

Thus we may suppose that p > fi. In this case Lemma 18.11 says that that A = ^ and 
u{z) = z^vo + 0{\z\^+''). 

Recall that rj is the primitive root of unity of degree d. Then 

u{y^{r]z))-u{^{z)) = {7]P-l)wzP + 0{\z\P+''). (8.6) 

We want to compare this relation with f l8.4p . The assertion of the lemma holds if ^p{z) = 
(j){z) so we assume that this is not the case. Define 7(2;) from the relation ip{z) = 0(z(l + 
7(2;))). Then 7(2;) is given by the formula 7(2;) = {(f)~^ °f(yZ) — z)/z, where 4>~^{z) is the 
inverse of (piz), (j)~^o(j)[z) = z. It follows that 7(2;) is a holomorphic function in some disc 
Ar (r > 0) which is not identically zero and satisfies 7(2) = 0{z). 

Consider first the case 7(2;) = 71(2;'^). Set ( = z{l + 'y{z)). Then ( = z + 0{z^), ip{z) = 
0(C), and ifirjz) = 0(?72;(1 + 7(77^))) = ^(r/C) since 7(?72:) = 71(77'^^'^) = 71(2;'^) = 7(2;). 
Consequently, 

n(^(r/^))-^^(z)) = n(0(r^C))-M0(C)) = t^^(O)r + O(|Cr+")=ti;(O);^'^ + O(|;^r+-) 

since ( = z + Oi^z^). Comparing this relation with f l8.4p we conclude the desired inequality 
p < V. Moreover, in the case p < v we also conclude the relation rj^ — 1 = 0. The latter 
means that p is a multiple of d which gives us the second assertion of the lemma 

Consider the remaining case. Then 7(2;) = 7i(2'^)+62;^+0(2;*'"'"^) with some holomorphic 
71(2;) = 0{z), some 6 7^ G C, and some A; > which is not a multiple of d. The latter 
fact is equivalent to 77'^ — 1 7^ 0. As above, set ( = 2;(l + 7(2;)). Then again ( = z + O^z"^) 
and ip{z) = 0(C)- On the other hand, 

r]z{l + 7(r/z)) - r]z{l + -f{z)) = r]zh{{rizf - z^) + 0{z''+^) = r]b{r]'' - l)z''+^ + 0{z''+^), 

and hence 

y^ivz) = (r/C + Vbiv' - 1)C'+' + 0{e+')) . 

(Here we use the fact that all three functions (f{z),(j){z) and ({z) behave like = z + Olz"^).) 

At this point we use the following 

Claim. Let u : A ^ B be a J-holomorphic map of the form Ii8.3\) and a{z) some 
function such that a{z) = 0{\z\^^°') with a > 0. Then u{z + a{z)) — u{z) = vofj,z^~^a{z) + 
0(|a|-|;z|^^i+°). 

The claim follows from (12.301) . Really 

u{z + a) - u{z) = a [ Vu{z + ta)dt = avofiz^"'^ + 0{\z\^'''^^"\a\). 
Jo 
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Let US apply this claim to uo(j)[() instead of our original map u{z). This gives us 
n(v9M) - u{if{z)) = u (0(r/C + vb{v' " 1)C'+' + 0(C'+2)) ) - n(0(C)) 

= «((/.(r/C + r^%'=-l)C'+' + O(C'=+2)))-«(0(r/C)) + «(0(r/C)) - n(0(C)) = 

t;oAi2^"'-r/&(^''-l)^''+'+w(0)2" + 0(1^1'=+''+°) + 0(|2r+"). (8.7) 
We see that (18. 4p . (18.61) . and (18.71) are contradictory in the case p > u, because Wq is 
non-zero and orthogonal to Vq. 

Moreover, in the case p < u we conclude the equality of the terms 

which gives us the desired proportionality w = firib{r]^ — l)-fo. 

□ 

Definition 8.1. Let 1 < d < n be a divisor of ji. A multiple approximation of u of 
multiplicity d is a primitive J-holomorphic map tt : — > -B such that 

uiip{z))-u{z'^) = 2^^ + 0(1^1^+"), (8.8) 

for some holomorphic reparameterization ip of the form (p{z) = z + 0{z'^) and such that 
p> fi. 

The degree p in (18.81) depends, in general, on ip but by Lemma 18.21 doesn't exceed u. 
Therefore we can give the following: 

Definition 8.2. The maximal possible p in 118. 8\} is called the degree of the multiple 
approximation u. 

Now let us define the principal notion in our approach. 

Definition 8.3. An approximation u of multiplicity d and degree p is called extremal if 
there exists no other approximation of the same multiplicity d and higher degree pj^ > p, 
and no other approximation of the same degree p and higher multiplicity d+> d. 

From Lemmas 18 . 1 1 and 18 . 21 it is clear that extremal approximations do exist. 

In the case of integrable J the map u{z) itself and any its multiple approximation 
u{z) are holomorphic and thus are given by converging power series. Moreover, making 
local coordinate change one can eliminate some non-characteristic terms in the expansion 
(18. ip . In the case of non- integrable J, for two given maps Ui{z),U2{z) one can in general 
define solely one term of their difference ui{z) —U2{z) = z^v + olz"). In particular, setting 
U2{z) = 0, one should expect that at most first non-trivial term of the expansion of Ui{z) 
is well-defined. Our construction insures that all characteristic terms are still well-defined. 

8.3. Proof of Theorem E. The proof of the theorem is based on the following lemma, 
which explains how one constructs extremal approximations explicitly. 

Lemma 8.3. Under hypotheses of Theorem E, let d> 1 be a divisor of fi, r} the primitive 
root of unity of degree d, and v > ^ the number given by the part (b) of Comparison 
Theorem. Then there exist r > and a multiple approximation u : Ar ^ B such that 

ui(Piz)) - uiz'^) = wz" + 0(|zr+") (8.9) 

with some reparameterization (f){z) of the form (f){z) = z + 0{z^) and some non-zero vector 
to G C" orthogonal to Vq. In particular, u{z) is a multiple approximation of u{z) of 
multiplicity d and degree v. 
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Proof. Recall that u{z) = vqz^ + 0{\z\^~^°'). By Theorem 16 -H there exist r > and a 
J-holomorphic map Mq : — t- -B satisfying Uo{z) = fo^ + Od^l^"*""). Set Ui{z) := Uo{z^^^). 
Then u{z) — u\{^z'^^ = wz'^ + 0{\z\'^'^") with some q > fi- 

Consider the following more general situation. Let iij : A,. — > 5 be a J-holomorphic 
map such that 

u{(f)j{z))-Uj{z'^) = WjZ'' + 0{\z\''^'') (8.10) 

with the same divisor d, some q with ^ < q < ly, some wj ^0 & C" and some holomorphic 
(pj{z) of the form 4>j{z) = z + 0{z'^). Assume that (18.101) does not satisfy assertion of 
the lemma. We are going to describe the construction which shows that an appropriate 
deformation of uj and (pj refines the situation, such that the iteration of this construction 
yields the desired result. 

Consider 7(2;) = z-(l + a-z^~^) with a G C and set 0j+i(z) := (f)j{z ■ {1 + a ■ z'^^^)). 
Then u{(f)j{'y{z))) — u{(f>j{z)) = Voa^z'^ + 0{\z\'^'^°'), see the Claim in proof of Lemma 
18.21 Consequently, for an appropriate choice of a G C we obtain u{(f)j+i{z)) —Uj{z'^) = 
w^z'' + 0{\z\'^~^") where is either vanishing or non-zero and orthogonal to vq. Notice 
that the corresponding a G C and (j)j+i{z) are defined uniquely. 

In the case when Wj vanishes we obtain a new approximation u{(j)j+i{z)) —u'{z'^) = 
Wj+iz'^' + 0{\z\'^'^°') with with q' > q. In this case we repeat the above procedure. 

In the case when w'j is non-zero and orthogonal to Vq and q = v our approximation 
ti(0j_i_i(z)) —Uj{z'^) = w'^z'^ + 0{\z\'^~^°') has the desired form. 

It remains to consider the case when Wj is non-zero and orthogonal to vq, and q <v. In 
this case by the second assertion of Lemma [8.31 q must be a multiple oi d, q = d-l. Then 
by Theorem 16.11 there exists a J-holomorphic map Wj+i : A^' — t- B which is defined in 
some (possibly) smaller disc A^' and satisfies Uj^i{z) — Uj{z) = Wj-z'^^^ + 0{\z\'^^'^'^°'). Then 
u{(pj+i{z)) - Uj+iiz"^) = 0(|2|«+") and hence u{(j)j+i{z)) - Uj+i{z'^) = w^+iz"' + 0(1^1^+") 
with q' > q. So this time also we can repeat our procedure. 

Since q is bounded from above by z/, after several repetitions of the procedure we obtain 
the desired approximation of the form (18. 9p . 

□ 

Remark. Notice that for given Uj{z) and 4>j{z) satisfying (I8.10p the construction (^^+1(2;) 
is unique, whereas Uj+i{z) is unique up to a higher order term 0(1^1''/'^"'""). Furthermore, 
modifying (f)j{z) at each step we add a term a-z*"'^"'"^, whose degree increases at each 
step. Consequently, in all approximations (I8.10p we can replace all (j)j{z) by the final 
function (j){z) without decreasing the degree of the approximation. 

Proof of Theorem E. Let u : A ^ B satisfies the hypotheses of Theorem E. In partic- 
ular, u{z) = VqZ^ + 0{\z\^~^°'). Set po '■= do := /i and let rjo := e^'^^^^° be the primitive 
corresponding root of unity. Let uq be the exponent given by Part (b) of Comparison 
Theorem. Set pi := uq. Then by the previous lemma there exist J-holomorphic map 
^0(2;) of the form Uo{z) = vqZ + 0{\z\'^^'^) and a holomorphic function ipo{z) such that 
ul<fo{z))-uo{z'^°) = vizP^+0{\z\P^+''). 

From this moment we proceed recursively constructing at each step an approximation 
of the form 

M(<^,(z))-n,(z*)=t;,+izP'+^+0(|^r+^+") (8.11) 

satisfying the assertion of Theorem E. Since the starting case z = is already obtained, we 
need only to establish the recursive step (i) =^ (^ + 1)- For the divisor di > 1 of fi = po = d^ 
let Ui be the number given by Comparison Theorem. Then by Lemma 18.31 the number Ui 
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equals the exponent pj+i in the i-th approximation (18. lip . Further, by the Comparison 
Theorem pj+i = z/j is not a multiple of di. Put dj+i := gcd{di,pi+i) = gcd{po,pi,. . . ,Pi+i). 
In the case (ij+i = 1 we put I := i + {p{z) := (pi{z) (the function obtained in the previous 
step (i)), put Ui{z) := u{ip{z)), and terminate the recursive procedure. 

Otherwise we have dj+i > 1. Let r/j+i = e^'^'/'^'+i be the corresponding root of unity, 
and let i/j+i be the number given by Comparison Theorem for the divisor d = (ij+i. Then 
is not a multiple of rfj+i, and we set Pi+2 '■= ^i+i- Then Lemma 15751 provides the 
desired approximation u{ipi+i{z)) — Ui^i{z'^^+'^) = ^7^4.2^^'+^ + 0(1^1^'+^"'"°). This gives us 
the recursive step of the procedure. 

Let us notice that applying the recursive construction in the proof of Lemma [8731 we can 
start from the i-th approximation (18.111) . As we have notice above, constructing (fi^i{z) 
from fi{z) we add only higher order terms, and hence (pi^i{z) —(fi{z) = 0{zP'+'^^^^^). As 
the result we can conclude that we can replace all fi{z) by the final function <f{z) = (fi^i{z) 
without destroying the approximations (18. lip . 

This finishes the proof of Theorem E. □ 

Remark. The sequence of the maps Ui{z) constructed in Lemma 18.31 is essentially an 
analogue of Puiseux series. Indeed, in the case of integrable J there is no need to apply 
Theorem 16.11 in order to obtain a deformation with desired properties: one could simply 
add an appropriate monomial vz^ to the perturbed map. As the result, each successive 
approximation Ui{z'^^) will be a polynomial consisting of certain initial part of the Puiseux 
series of the holomorphic map u{z). 

Proposition 8.1. Under the hypotheses of Theorem E for any extremal approximation 
u{z) of multiplicity d and degree p one has d = di and p = pi^i for the uniquely defined 
i = 0,...l — l, and then u{(f){z)) — Ui{z'^^) = wz^'+i + 0(|z|^'+^+") for an appropriate 
w G C"^^ and an appropriate holomorphic function (f){z). 

Proof. Let c? > 1 be a divisor of /i. Let u > ^ he the number given by the part 
(b) of Comparison Theorem. Then i> is not a multiple of d. Further, Lemmas 18.21 and 
18.31 ensure that this number u is the best possible approximation degree for the multiple 
approximations of multiplicity d. In particular, for any element di> 1 in the sequence of 
divisors {d^ = fi,di, . . . ,di = 1) there exists an extremal approximation of multiplicity di 
and degree Pi+i- 

Now assume that > 1 is a divisor of /i such that there exists an extremal approxima- 
tions of multiplicity d and degree p. Find the smallest di from the sequence of divisors 
[do = fi,di, . . . ,di = 1) which is a multiple of d. Such di existsts because d and all di are 
divisors of fi and do = fi. The case di = d was considered above, so we assume the con- 
trary. Then di = dd with some integer I > 1. Then u*{z) := Ui{z^) is an approximation of 
multiplicity d having some degree p. By our extremality assumption p > Pi+i. The equal- 
ity case p = Pi+i is impossible since then d < di would be not extremal. Consequently, 
P>Pi+i- 

Now let r]i = e^'^'/"'' be the primitive root of unity of degree di. Then 77- is the primitive 
root of unity of degree d. Besides u{(f{r]iz)) —u{(p{z)) = Viirif"^ — l)z^^+^ + 0(\z\^^+^^°') 
by Theorem E. Put Wi := Vi{rii'^^ — 1) for simplicity. Let us consider u{ip{rjz)) —u{ip{z)). 
Since rj = rjl, we obtain 

«(y.(r^^))-«(V9(^)) = E5=o«(v'(^r'^))-«(¥'(^^'^)) = (E;=o^f "^)^.^^'-*-^+0(kp-+"). 
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Observe that Wi is orthogonal to Vq and p^+i is not a multiple of d, since otherwise 
di+i = gcd{di,pi+i) would be also a multiple of d in contradiction to the choice of di. Now 
the second assertion of Lemma [8.21 implies that X]j=o^i^'^^ vanishes. This can occur only 
in the case when l-pi+i is a multiple of di. But then p^+i must be a multiple of (i = y, 
and again cij+i = gcd((ii,pj+i) would be a multiple of d. The obtained contradiction shows 
that we must have d = di. 

□ 

8.4. Singularity type of pseudoholomorphic curves. Finally, we define the notion 
of singularity type of pseudoholomorphic curves and show that every such singularity type 
can be realized by an appropriate J-holomorphic curve. 

Definition 8.4. A singularity type of pseudoholomorphic curves is a finite sequence of 
integers {po,...,pi) with the following properties: 1 < po < pi < ■ ■ ■ < pi, the sequence 
di := gcd{po, ... ,pi) is strictly decreasing, di-i > di, and di = gcd{po, ... ,pi) = 1. The 
numbers di = gcd(po, • • • ,Pi) o'^e called associated divisors of the singularity type. 

Remarks. 1. More precisely, the notion in our definition is the topological singularity 
type. For a finer notion analytic singularity type of analytic or algebraic curves (especially 
for plane ones) see e.g., [ GLShj and [Kaj . 

2. In the higher-dimensional case n > 3 there is some additional part of the topological 
structure of a cuspidal curve C = u{A) not covered by the characteristic exponents 
Po < Pi < ■ ■ ■ • For example, the condition "f 2 and vi are linearly dependent" is left 
behind. Since our primary interest lies in almost complex surfaces we leave this topic to 
the interested reader. 

Proposition 8.2. Let J be a Lipschitz- continuous almost complex structure in the unit 
ball B in C" and {po,...,pi) a singularity type of pseudoholomorphic curves. Then for 
any sequence of vectors Vo,...,vi G C" there exists a sequence of J-holomorphic maps 
Ui : Aj. ^ B defined in the disc A^. of some radius r > such that uq{z) = Voz + O{\z\^~^°') 
andui{z) = Ui-i{z'^'-^/'^') + Vi- z''''^'^^ +0{\z\^^/'^'^'^) fori = 1, . . . ,/. In particular, ifvi,...,vi 
are orthogonal to vq, then ui{z) has singularity type {po,...,pi). 



Proof. The existence of Ui{z) with the desired properties follows from Theorem 16.11 



□ 



8.5. An Example. Let us consider the following example to the Theorem E. 
Example 4. Consider a (usual) holomorphic map m : A — > given by 

Uiz) = iz'' + Z^\Z^' + + ^36 + /2 ^ ^46 ^ ^47)_ 

Then the vq = (1,0) is the tangent vector at 2; = and fi = po = 12 is the multiplicity. 
Further, its characteristic exponents are fi = po = 12, pi = 30,^2 = 44, ^3 = 47, and the 
corresponding divisors are do = po = 12, di = 6, ^2 = 2, and do = 3. On the other hand, 
the map u{z) is a finite series polynomial which includes also the exponents q = 24, q = 36 
and q = 44, however they are non-essential (non-characteristic). A Puiseux approximation 
sequence for u{z) is: 

• uo{z) = {z,z^) = vo-z + 0{z^) with u{z) - uo{z^'^) = 0{z^^) and vq = (1,0), 

• ui{z) = {z^ + z^,z^ + z^ + z^ + z'^) = uoiz'^"^'^') +vrzP'/'^' +0{zP'/'^'+^) with vi = (1,1) 
and m(;z)-Mi(^^i) = 0(2^6), 
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• U2iz) = {z^,z'^'^ + z^^+z^^ + z^'^ + z^^) = ui{z'^'/'^^)+V2-zP^/'^-'+0{zP^/'^^+^) with = (0, 1) 
and u{z)-ui{z'^^) = 0{z^''), 

• U3{z) =u{z) =U2{Z'^^^'^^)+V3-Z'P''^'^'' with V3 = V2 = (0,1). 

8.6. Equisingular deformations and cusp index formula. In this subsection we 
prove the formula expressing the cusp index of a planar pseudoholomorphic curve via 
characteristic exponents at the singular points. Let B be the ball in C^, J a Lipschitz 
almost complex structure in B with J(0) = Jst, u : A ^ B a J-holomorphic map with 

u{z) = VqZ^ + 0{\z\^~^"') such that fi > 2 and f o 7^ G C^, and (po = fJ',Pi, ■ ■ ■ ,Pi) the 
topological type of u at 0. 

Lemma 8.4. Let Jg he a family of Lipschitz- continuous almost complex structures in B 
depending continuously on s & [0, 1] such that Jo = J and Js{0) = Jst- Then there exists a 
family of J s-holomorphic maps Us : Aj. ^ B defined in some smaller disc of radius r > 
depending continuously on s & [0,1] such that uo{z) = u{z), Us{z) = Voz^^ + 0{\z\^'^°'), and 
such that {pq = . . . ,pi) is the common singularity type for each Us{z) at z = 0. 

Proof. Let di := gcd{po, ... ,Pi) be the sequence of associated divisors. In Theorem 
E we have constructed a sequence Ui{z) of multiple approximations of u{z) such that 
ui{z) = u{ip{z)) and u{(f{z)) —Ui{z'^^) = Vi+izP^+^ +0{\z\p^+^~^°') for i = 0, — 1 with an 
appropriate holomorphic reparameterization (p{z) and fj G C^. We are going to include 
these maps in a sequence of families of J^-polymorphic maps Ui^s{z) satisfying similar 
relations with the same numerical and vector- valued parameters Pi,di G N, fj G C^. Let 
us formally set U-i^s{z) = 0, this is the constant family of constant maps m_i.s : A — )■ 5. 
Then each family ^(z), i = 0,. . . ,1 can be considered as a solution of the equation 

on the family of unknown functions Wi^s{z) G L-'^'P(A,C^) satisfying Wj,s(0) = Vi^s- As is 
the proof of Theorem 16. H we want to obtain the needed functions as the limit of the 
Newton's successive approximation procedure of the form (16. lip . 

To insure the convergence of the Newton's procedure we need to make our initial data 
sufficiently small. For this purpose we make the rescaling (dilatation) as in the proof of 
Lemma 6.1. Thus we may assume that \\Js — JstWcLip^B) — ^ ll'"«(^) IIci."(A) — ^ with 
some e <t^l. 

Now let us fix some i in the interval 1,2, . . . ,/. Set z/j := j-. Define the structures, oper- 
ators, etc j'f] ,R^^} ,T^(^) (^^i,fI'^J{z,w) by the same formulas as in the proof of Theorem 

16.11 substituting Jg instead of J, Ui^i^siz'^''^^'^^) instead of Uo{z), Vi instead of i/, and so 
on. Use index n for numeration of successive approximations Wi^s^n{z) in the procedure. 
In this way we obtain the formula 

Wi^s,n+i = (,) [Fj;^J{z,Wi^sA^))] +wls,i{z), (8.12) 

The only difference from the procedure (16.111) . which is the key idea of the proof of 
the present lemma, lies in the choice of the initial data Wi^s,i{z) of the approximation. 
Recall that by Lemma [3.21 Ui{z) = Ui-i{z'^*~'^^'^^) +Wi{z)zP^^^^- with some function Wi{z) G 
L^'P(A,C^) with Wi{0) = Vi. We use this function instead of the constant function = wq 
in (I6.12p . This means that now Wi^s,i{z) is defined by 

Wi^sAz) := Wi{z)~T^^,j^^,) {Dj(.)^^^_^^^^a,^^^d^^Wi{z)). (8.13) 
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Since our initial data f l8.13p were made small enough, the Newton's approximation 
procedure fl8.12p converges for every s G [0,1]. Moreover, for s = the iteration f l8.12p is 
constant, Wj,o,n+i(-2) = Wifi^ni^) = ... = Wifi^i{z) = Wi{z) since such was our choice of the 
initial data Wi^s,i{z). 

Now, substitute the limit functions Wi^s,ooiz) in the relations Ui^siz) = + 
Wi^s,(xiz)zP^^'^^ successively for z = 0,1,...,/, and set Us{z) := ui^si^'^iz)). The obtained 
family Us{z) fulfills the requirements of the lemma. □ 



Proposition 8.3. Let {X, J) be an almost complex surface with Lip schitz- continuous 
structure J and u : A ^ X a J -holomorphic with a singularity at z = of the type 
{Pq, . . . ,pi) . Then the cusp index of u{A) at u{0) is given by the formula 

^ m 

x=^J2^d,_^-d,){p,-l), (8.14) 

i=l 

Proof. Without loss of generality we may assume that X is the unit ball in C^, u{0) = 
G -B, and J(0) = Jst- Define a family of Lipschitz structures Jg in B, s E [0,1], by the 
formula Js{wi,W2) = J{swi,sw2). Then depends continuously on s G [0,1], Ji = J, 
and Jo = Jst- By Lemma [8.4[ there exists a family Us{z) of J^-holomorphic maps defined 
in some small disc and depending continuously on s G [0,1], such that each Ug has 
the singularity type {pQ,...,pi) at z = 0. Fix some sufficiently small p > and denote 
by 7s the intersection Us{Ar) with the sphere 5*^ of radius p. Then 7^ is an isotopy of 
knots in each transverse to the induced contact structure Fs := TS^H Js{TSp) on S^. 
Consequently, each 7^ has the same Bennequin index b related to the cusp index of each 
Us{Ar) by the formula x= (6 + l)/2. In particular, each Us{Ar) has the same cusp-index 
at 0. 

Since Jq = Jst, it is sufficient to consider the case of integrable structures. In this case 
the formula is well-known, see |W1] . page 85 and Exercise 6.7.2. 

□ 

Remark. It is proved in |W1] . Section 5, that the Alexander polynomial of the link 
7p = Spr\u{A) of the singularity determines the whole set of characteristic exponents of 
the singularity. In particular, u{A) is non-singular at if and only if the corresponding link 
is unknot. Notice that the Alexander polynomial of a knot in an invariant of the smooth 
isotopy class; in contrary, the Bennequin index is an invariant of transversal isotopy class 
of a knot. 



9. Examples and Open Questions 

Example 5. There exists an almost complex structure J on a domain X C M'' which 
belong to f]j^^p^^L^'P(X, End^TX) and two J-complex curves Mj which coincide by an 
non-empty but proper open part. 

The first curve will be the coordinate plane Mi := M^M^ with coordinates xi,yi. The 
second — M2 — is defined by equations 



1/2 = 0, X2={' if^^^O' (9.1) 
if xi < 0. 
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Since X2{xi) = (e ""i )' = — ''i , we see that the vector (1,0,— ^^^e ""1,0) = 

^ ^ ^ i_ 

(1,0,— X2(— Inx2)~,0) is tangent to M2 at every point {xi,yi,e ""1,0) G M2. Extend 
it to a vector field 

{fc + 1 
(1, -X2(-lnx2)~) if xi > 0, 
(1.0,0,0) ifx.<0, 

in X := X (—00, 1) x M. The structure J is now defined by 

(9.3) 

Both Ml and M2 are clearly J-convex. The regularity of J is that of v, i.e., is Ln^'''''Lip. 
Since, obviously C^" ''^^^ C ni<p<oo-^^'^' done. 

Example 6. We shall construct an example of a Lipschitz-continuous almost complex 
structure J in and a J-holomorphic map u : A ^ which is exactly from C^'^"^*p(A). 

Consider the following function u{z) = z^\n{\z\^). Set v{z) = du{z) = ^ e C^*p(A). 
Remark that 9m(2) = 4zln|z| +;z E C^"^*p(A). Therefore m G C^'^"^*p(A). Let us interpret 
the vector function {u,z) as a J-holomorphic curve for certain Lipschitz J. Namely let us 
take 




J 



(9.4) 



/ -1 V2 -vi \ 

1 —Vi — 1>2 

-1 

\ 1 y 

where Vi + if 2 = v constructed above. One readily checks that J is an almost complex 
structure and (m,1) is J-holomorphic. J has the same regularity as v, i.e., is Lipschitz- 
continuous. 

We would like to finish with an open question close to the topics considered in this 
paper. For an arbitrary (continuous) M-linear endomorphism A = A{z) of the trivial 
C"-bundle over A, define the operator Oa on Lj^^^-sections of C" by the usual formula 

dAu:={d^ + A-dy)u. (9.5) 

Remark 9.1. One can rewrite this example using operator Q as in fl2.33p . The corre- 
sponding Q has the form 

Qiui,U2)=(^^ ij. (9.6) 

Open Question I. Let A be a continuous endomorphism of the trivial C^-bundle over 
A such that \A{z) — Jst\ < c- \z\f^ with some c < 1 and < /3 < 1. Let u G L|'^^(A,C") be 
not identically and satisfy in the weak sense the inequality 

\dAu\<h-\u\. (9.7) 

for some nonnegative h G Lf^^(A) with 2 < p < Prove that there exists G N such 

that u{z) = z^ ■ g{z) for some g G Lj^^{A) with g{0) 7^ 0. 
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This time let A be a Lipschitz-continuous Mat(2n,M)-valued function on the unit disc 
A and let Ba be defined by fl9.5p . We suppose that Ba is uniformly elliptic, i.e., its 
spectrum s{A) is separated from R in C. Let u be a solution of a differential inequality 

\\dAu\\<C\\u\\. (9.8) 

Open Question 2. Suppose that for some Zn one has u{zn) = 0. Does it implies 
that u = 0? 

If n = 1, i.e., for C valued function this is so and it follows from Theorem 35 of ^ via 
the trick explained on the page 101. 

And the last question, which closely related to the first and second ones. 

Open Question 3. Let J be an almost complex structure in R^" of class for some 
< a < 1 and let u : A ^ R^" be J-holomorphic. Suppose that for some sequence 2„ — )■ 
one has u{zn) = 0. Does it implies that u = 0? 

Remark 9.2. Very recently a considerable progress in the direction of these questions 
was made by J.-P. Rosay, |Roj . 
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